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1. Introduction

1.1 Masslessness and compositeness

Free massless spin-s particles in four space-time dimensions fall into infinite-dimensional
representations D (s + 1;(s,s)) of the conformal group so(4,2) with restrictions D (s +
1 (5 )liso(a) = D(m? = 0:[A] = ) and D(s + 1 (5,5))|eo(az) = Ds + 1;(s)). Confor-
mal symmetry may be broken by Lorentz invariant interactions down to iso(3,1), so(3,2)
or s0(4,1) depending on the cosmological constant A. One should distinguish between
ordinary and exotic gauge theories depending on whether the infrared cutoff set by A is
immaterial for local interactions or not, and adopt a unified approach starting with non-
vanishing A [[[]. If the (effective) field theory is ordinary then A may as well be kept finite
as long as one describes processes at energy scales much larger than \/W , which is where
quantum field theory has been tested so far. At any such local rate, massless particles in
four space-time dimensions exhibit compositeness: the lowest-energy representations ®(s+
1;(5))|s0(3,2) are squares of a more fundamental representation namely Dirac’s supersingle-
ton D(3;(0)) ®D(1;(3)) [, as summarized by the remarkable Flato-Fronsdal formula [§:

o(20)en(t())] = D BeruEI@6 1w 0

25=0,1,2,...



Strictly speaking, the generators of s0(4,2)/s0(3,2), and hence so(4, 1), act on the left-hand
side in a non-tensorial split (see comment in appendix [G.9) and D(m? = 0;|A| = 5)lis0(3,1)
is recovered at scales much larger than |A| [, as mentioned above.

Compositeness is directly related to the higher-spin Lie-algebra extension ho(D + 1;C)
of s0(D + 1;C) (see, for example, [J—fi] and references therein) that: i) acts transitively
on the D-dimensional scalar singleton D (ep; (0)), €o = (D — 3), which thus functions as
its fundamental lowest-energy representation; and ii) arranges the D-dimensional Flato-
Fronsdal tower [D(ep; (0)))]%? = @22, D(s + 2¢p; (s)) into an irrep which one may refer
to as the massless higher-spin multiplet.! As we shall show below (see section @), the
adjoint representation itself is also composite and isomorphic to the tensor product of
a singleton (lowest-energy representation) and its negative energy counterpart, an anti-

singleton (highest-energy representation):

ho(3,2) ~ [©+ (%;(0)> ®©—<— %;(0))} s [©—<— %;(0)> @Dt <%;(0)>} . (1.2)

There appears to be a clear separation between interactions that break and preserve
higher-spin gauge symmetry. In particular, the latter are exotic in a sense to be discussed
next.

1.2 Interlude: canonical vs unfolded higher-spin equations

In the standard approach to field theory, based on kinetic terms built using the metric, per-
turbative higher-spin gauge interactions necessarily contain higher derivatives. Removing
unnecessary derivatives by perturbative field redefinitions leads to standard vertices with
minimal required numbers of derivatives, that one may refer to as the canonical vertices.
The number of derivatives in the canonical spin s; — so — s3 vertices grows linearly with
S1 + So + s3 f]. For A = 0 these vertices are ordinary and hence weakly coupled at
sufficiently low energies. In particular, in the case of s; = 2 and sy = s3 = s > 2 there
are minimal non-abelian vertices with 2s — 2 derivatives, Chern-Simons-like vertices (albeit
parity preserving) with 2s derivatives, and Born-Infeld-like vertices with 2s+ 2 derivatives.
However, the standard gravitational cubic spin 2 — s — s coupling (with two derivatives) is
plagued by a classical anomaly, and hence the non-linear completion based on non-abelian
higher-spin symmetries seems problematic in an expansion around flat spacetime (although
some of the above-mentioned cubic vertices do pass certain consistency tests at the quartic
level [I9)).

On the other hand, if A # 0 there exists an exotic cancelation mechanism found by
Fradkin and Vasiliev [[[f], whereby the “non-gravitational” minimal spin 2—s—s vertex from
flat space, which has 2s—2 derivatives, is completed with lower derivatives all the way down
to the standard gravitational two-derivative coupling, with dimensionful parameters fixed
in units of A. Moreover, there exists a fully non-linear completion in the form of Vasiliev’s

!By definition, a massless lowest-weight space of so (D+1; C) results from factoring out a non-trivial ideal,
corresponding to the longitudinal modes of a gauge field, from a generalized Verma module (see appendix E)
For D > 4 one needs to distinguish between conformal, composite and partial masslessness [E,E] (see
also @, E] and references therein). In this paper we focus on composite masslessness.



unfolded master-field equations ([0, 1], see also [23, pJ] for reviews and more references)
which are manifestly higher-spin gauge invariant and locally homotopy invariant, i.e. refer-
ring to the base manifold only via differential forms and the exterior derivative d, as well
as manifestly background independent in the sense that their salient features do not rely
on the expansion around any specific solution nor on the reference to a (non-degenerate)
metric. The equations actually assume a remarkably simple form: they describe a covari-
antly constant zero-form and a flat connection taking their values in a deformed “fiber”.
The crux of the matter lies, of course, in what constitutes a good set of observables.

In the sub-sector where the Weyl zero-form is “weak”,? the master-field equations
imply generally covariant and locally Lorentz invariant, albeit non-canonical, standard
field equations for perturbatively defined dynamical components of the master fields, that
one may refer to as the microscopic fields. In particular, there appear a microscopic vielbein
and spin-connection defining what one may refer to as the Vasiliev frame, to be related
to the canonical Einstein frame by a (highly non-local) field redefinition. The microscopic
standard field equations (with box-like kinetic terms) are obtained by eliminating auxiliary
fields after first having expanded the master-field equations in weak curvatures and then
around “large” Vasiliev-frame metric while treating the remaining microscopic fields as
“small”. The result contains two parameters:

(i) a dimensionless AdS-Planck constant g> = (A\,)P~2 that counts the order in the per-
turbative weak-field expansion, where ¢, enters via the normalization of the effective
standard action and we are working with dimensionless physical fields; and

(ii) a massive parameter A that simultaneously

(iia) sets the infrared cutoff via A ~ A2 and critical masses M? ~ A2 for the dynamical
fields; and

(iib) dresses the derivatives in the interaction vertices thus enabling the Fradkin-Vasiliev
(FV) mechanism.

At fixed order in g, that one may always take to be a small parameter, the non-canonical
microscopic interactions are given by Born-Infeld-like series expansions in A™2V'V, that one
may refer to as tails (see [2d] for a computation of the quadratic scalar-field contributions
to the microscopic stress tensor). On general grounds, these microscopic tails should be
related to the canonical vertices via non-local, potentially divergent, field redefinitions.
Thus one has the following scheme:

Unfolded hetas Standard-exotic ot reaet Standard-exotic
master-field s microscopic = canonical (1.3)
equations field equations field equations

We stress that what makes higher-spin theory exotic is the dual purpose served by A
within the FV mechanism whereby positive and negative powers of A appear in mass terms

2This notion can be formulated in more precise terms using a set of local zero-form observables which
are given by traces of algebraic powers of the zero-form [@, @]



3 respectively. Thus, at each order of the canonical expansion scheme, the local

and vertices,
bulk interactions — and in particular the standard minimal gravitational two-derivative
couplings — are dominated by strongly coupled “top vertices” going like finite positive
powers of (energy scale)/(IR cutoff). On the other hand, in the microscopic expansion
scheme each order is given by a potentially divergent Born-Infeld tail, suggesting that
classical solutions as well as amplitudes should be evaluated directly within the master-
field formalism, which offers transparent methods based on requiring associativity of the
operator algebra for setting up and assessing regularized calculational schemes.

We also emphasize that the metric-dependent standard symplectic structure differs
from the background-independent unfolded symplectic structure, which treats all the
derivatives of the physical fields as a priori independent variables [R§]. Besides provid-
ing a more systematic handling of the initial data formulation in the presence of higher
derivatives, the unfolded structure leads to a Gaussian path-integral measure that sup-
presses higher-derivative fluctuations.

The above-mentioned issues of regularization and off-shell formulation go beyond the
present scope of this paper, although they serve as key motivations for our work. Similar
considerations are also made in reference [[g].

1.3 Phase-space quantization

The higher-spin master-field formalism of 29, BQ] has been conjectured in [[f] to be directly
connected to the geometric Cattaneo-Felder formulation [@] of the phase-space quantiza-
tion [BI] of singletons in terms of a two-dimensional first-order parent action, whose BV
quantization leads to an embedding of the algebra A of functions on the singleton phase
space into an infinite-dimensional quantum version r governed by a “topological” BRST
operator ¢. One is led to attempt to formulate a complete theory with:

(i) a first-order total Lagrangian for locally defined master fields with “kinetic” terms
built from d + ¢;

(ii) globally defined observables that are given by integrals over (cycles in) the space-time
base manifold times (cycles in) the quantum phase space;

(iii) two coupling constants g and A~! corresponding to the perturbative expansions of
the base manifold and of the internal sigma model,* respectively; and

(iv) a limit in which the master fields are classical differential forms on the base manifold
taking their values in I' (c.f. classical string-field theory).

3This brings to mind the transition from the standard perturbative regime of closed string theory in 10D
flat space where physical, string and Planck lengths ¢, ¢; and ¢, = gé Ls obey {), < ¢s </, to a high-energy
regime where ¢, < ¢ < {,, and thus s switches role from a stringy UV cutoff to a stringy IR cutoff (e.g.
in one-loop amplitudes where the fundamental domain can be chosen such that £/¢,, Im7 € [0, 1]). Sending
£ to infinity, which in string-field language means taking (e®41) = g, — 0 keeping £, fixed, may lead to an
unbroken phase with stringy IR cutoff set by A @]

4The flat and infinitely curved limits A — 0 and A — oo should thus correspond to the strongly and
weakly coupled limits of the sigma model, respectively.



Vasgiliev’s fiber algebra, that we shall denote by ﬁ arises as a truncation of T [l
that is formally associative, and equipped with trace operations given by integrations over
suitable cycles in A [@, B4, BJ. Thus Vasiliev’s full master fields take their values in A,
and the simply-looking full unfolded master-field equations makes use only of the ordi-
nary associative x-product, or 2-product, on A. This algebra contains A as a subalgebra.
Correspondingly, there are reduced master fields taking their values in A and obeying
highly non-linear reduced unfolded master-field equations making use of n-products with
n=2,3,... given perturbatively in the weak-field expansion.

These equations admit a free limit on maximally symmetric spaces, such that the
properties of free standard higher-spin fields are “dual” to properties of A viewed as an
ho(D + 1;C)-module. As such A is isomorphic to the enveloping algebra U[so(D + 1;C)]
modulo the ideal consisting of all elements that are trivial in the scalar singleton mod-
ule. The ideal is generated by the covariant scalar singleton equations of motion® [§ (see
section [ for notation):

1
§M{AC*MB}C ~ 0, Miap*Mcp) = 0. (1.4)

In [f] it was found that the first condition, when imposed on lowest-weight spaces, selects
the singletons, further restricted to be scalars (or spinors, in D = 4) by the second con-
dition. Moreover, somehow in the spirit of the deformation quantization program [B7), in
the following we shall exploit the fact that the standard one-particle states can be mapped
to non-polynomial Weyl-ordered phase-space functions corresponding to similar special
functions in the enveloping-algebra realization of A. For example, in D = 4 we have

Free one-particle Phase-space Enveloping-algebra
lowest-weight state s function s element (1.5)
11:(0)) = 153 (0)) ® 53: (0)) Alexp(—2a'as) ey dexp(—4E) .

The incorporation of lowest-weight and highest-weight spaces into A is a manifestation of
compositeness (and it applies equally well to finite-dimensional lowest-and-highest-weight
spaces). However, the enveloping-algebra approach, which does not refer a priori to lowest-
weight states, is more general, and it indeed gives rise to additional representations, some
of which do not contain any lowest nor highest-weight state. We stress that, while these
representations arise in a dual fashion on the standard free field-theory side, we are mainly
interested in the enveloping-algebra side which seems more relevant for computing the ex-
otic higher-spin interactions, as discussed above. We shall explore the possibility of using
such a fiber approach to naturally incorporate the massless modules ®(s + 1; (s)) and lin-
earized runaway solutions of higher-spin gauge theories in a bigger, indecomposable module.

1.4 Runaway solutions and extended compositeness

In an ordinary field theory one may consider three distinct classes of solutions: particles,
runaway solutions and solitons. For a free massless scalar field in flat spacetime one has:

5An affine extension of the singleton equations of motion, related to discretized tensionless p-branes in
AdS, has been examined in [@] at the level of lowest-weight modules.



(i) positive and negative energy mass shells ©¥(0;0) with continuous spectrum for the
translation generator P, = (P, P;), with a =0,1,...,D — 1;

(ii) the iso(D —1,1) orbit 20(¢) of the static runaway spin-¢ solution r*Y;(n), £ = 0,1,...,
where 7 is the radial coordinate and Y, are spherical harmonics obeying (V|25D,2 +
0(€ + 2¢0))Yy = 0 with g = $(D — 3); and

(iii) the iso(D —1,1) orbit %(6) of the static singular spin-¢ solution r~¢=2€Y, (7).

The mass shells can be given in a basis {|e; (¢))}, with e € Ry and £ = 0,1, 2, ..., where each
energy level forms a finite-dimensional irrep of the s0(2) generated by Py and the so(D —1)
generated by the spatial rotations M,s, which one refers to as an (s0(2) @ so(D — 1))-type.

In this basis the plane-waves with energy e # 0 are given by |(e,ep,)) = >, (iz)ecz\e; (0))

for coefficients ¢; that are non-vanishing for all £ and with the e = 0 limit [(0,0)) = |0; (0)),
while the static spin-f runaways are given by |0; (¢)). The set of runaway modules {20(¢)},
which are simply the spaces of traceless polynomials of degree £ in the cartesian coordinates
z%, forms an indecomposable chain (see appendix [A]) in which 23(¢) C 20(¢+1), and {%(f)}
exhibits the “dual” structure %(ﬁ) D %(f + 1). Massless static fields ¢ have conformal
weight €y in the D — 1 spatial dimensions, and consequently the runaway and singular
spin-£¢ solutions are related by

runaway S singular (1.6)
e = 'Yy () $o = ri20Y(n) '
One also notes that, whereas D(0;(0)) ~ @'(0;(0)) with ©’(e;(0)) being the com-
pact weight-space module consisting of states |¢)) € D(0;(0)) of the form [¢) =
Josoded(e) |e; (£)), the action of Py cannot be diagonalized in 25(¢) and %(ﬁ) which can
therefore not be decomposed in terms of (s0(2) @ so(D — 1))-types.

The effects of A and/or mass terms show up in the large-r/infrared limit, while they
do not alter the small-r/ultraviolet limit. For A < 0 and unitary masses, the free-field
fluctuations that are normalizable in the Killing norm || - ||can, induced from the stan-
dard canonical action, form a lowest-weight representation ® containing the one-particle
states [BY]. Among the linearized fields with divergent || - ||can are the runaway and sin-
gular solutions. These may have non-linear completions depending on the details of the
interactions. In ordinary field theories some of the singular solutions may become solitonic
objects with finite energy and localizable energy density. In exotic field theories, on the
other hand, one may expect that the perturbative descriptions of localized soliton (or par-
ticle) solutions involve derivative expansions that are coupled more strongly than those
of corresponding runaway solutions. One might entertain the idea that the Born-Infeld
tails of higher-spin gauge theory lead to a restoration of the duality (|L.4) at the full level.
Another noteworthy feature of higher-spin gauge theory is that all even one-particle and
runaway (s0(2) @ so(D — 1))-types, of all fields, are generated by the ho(D — 1,2) action
from the static runaway mode ¢y, (g) of the scalar field obeying (V2 +4eg)¢ = 0; for example



in AdS, with metric ds?> = —L(—dt? 4 d¢? + sin? ¢£d¥2,) one has

cos2 ¢
Static, £ =0 unfolding Static, £ =10
runaway field s analytic A function . (1.7)
b0;(0) ©) = taig Sm4h§1 £

The above reasoning and the fashion in which the degeneracies at the infra-red “apices”
of the flat-space massless mass-shells are resolved by the deformation by A < 0, whereby
particles and runaway solutions fall into distinct s0(2) @ so(D — 1)-types, suggest a unifica-
tion in higher-spin gauge theory of the one-particle states in ® and the runaway solutions
W into a single module M that:

(i) has the indecomposable structure M = ® @ W (runaway solutions are allowed to
emit particles into the bulk), where the definition of the semi-direct sum symbol &
is recalled in appendix [A};

(ii) is factorizable, i.e. realized via special functions in A;

(iii) is generated by the so(D—1,2) action starting from the D-dimensional generalization
of the 4D static ground state ([[.7);

(iv) is unitarizable (so that the duality ([[.6) may make sense); and

(v) has an associative structure that lifts to A (existence of perturbatively defined full
master fields).

In this paper we shall focus on (i)—(iv), leaving (v) for a future publication [Bg].

2. Enveloping-algebra realization of higher-spin master fields

The unfolded formulation of minimal bosonic higher-spin gauge theory in D > 4 space-
time dimensions makes use of two (reduced) master fields: a one-form A and a zero-form
® taking their values, respectively, in the adjoint and twisted-adjoint representations ho
and 7 of the minimal higher-spin extension of so(D + 1;C). In this section, we describe
how these representations arise in the associative algebra A obtained by factoring out the
singleton annihilator Z[V] from the universal enveloping algebra U[so(D + 1;C)]. The
ideal consists of monomials containing at least two contracted or three anti-symmetrized
(D + 1)-dimensional vector indices, so that A consists of rectangular so(D + 1;C) tensors
of height two. The adjoint and twisted-adjoint ho, actions are induced, respectively, via
the commutator and a twisted version that represents the Lorentz translations P, by the
anti-commutator {P,,-}. As a result, ho, and 7, decompose under so(D + 1;C) into
irreducible levels containing, respectively, the finite sets of gauge fields and infinite sets of
Weyl-tensor /matter-field zero-forms required within the unfolded formalism for describing
one spin-s degree of freedom (where s is related to the level).

In the leading order of the weak-field expansion, the zero-forms obey a covariant con-
stancy condition and source the one-forms via a Chevalley-Eilenberg cocycle of the form



Fay = e* A ebJ(l)ab, where F(q) is the linearized adjoint curvature two-form, e is the
vielbein, and Jiq)q is linear in ®. Thus, the local propagating degrees of freedom are
carried by ® while A may carry zero-modes (that are solutions with ® = 0 that cannot be
gauged away) [B7]. As we shall see, the cocycle has a weight-space analog in the form of a
short exact sequence connecting the adjoint levels to the corresponding composite massless
lowest-weight spaces.

Next, we define a nontrivial trace operation Tr4 on the algebra A that will endow
the latter with a nondegenerate inner product, and related reflector states that possess a
series of useful properties. These tools will be useful for establishing the state/operator
correspondence mentioned in the Introduction. For example, as we shall examine later,
the reflectors enable presentations of the master fields as elements in left bimodules. The
definition of Tr 4 generalizes the supertrace operation first given in [BJ] for the case of the
4D oscillator realization of higher-spin superalgebras, as shown in appendix [G.2

Finally, we shall define harmonic expansions of ® in maximally symmetric backgrounds
as maps between the Lorentz-covariant and maximally compact slicings of the infinite-
dimensional twisted-adjoint modules. This formalism will then be examined in greater
detail in the cases of de Sitter and anti-de Sitter geometry.

2.1 Associative quotient algebra

The universal enveloping algebra U[g] of a Lie algebra g is the associative algebra consisting
of the unity 1 and arbitrary polynomials in the generators M, of g modulo the commutation

rules, viz.% U[g] = B2 Un , U, > X, = xa(”)Ma(n), where 2™ € C and the basis
consists of the symmetrized monomials
1 _
Ma(n) = Ma1 T Man = !t Zﬂesn Maﬂ(l) T Maﬂ(n) forn = 1’ 2’ Y ’ (2.1)
1 forn =0

where * and juxtaposition, respectively, denote the non-commutative product of U|g]
and the commutative product given by symmetrization of the M,, so that X,, x X,, =
X X + Zpgm o1 X;,/,. The algebra U[g] has the involutive anti-automorphism? given by
the “transposition”

T(My) = —Mo,  7(Xp) = (=1)"X, . (2.2)

The adjoint and anti-commutator actions of U[g] on itself defined by adx(Y) = [X,Y],.
and acx (Y') = {X, Y}, obey the closure relation [acx,acy]s = ad[x,y],-
The Lie algebra g = so(D + 1;C) has generators M4p obeying

[Map, Mcplx = Mapx Mcp — Mop * Map = 4inciiMayp) ; (2.3)

where A = (f,a),a= (f/,r),r=1,...,D—1, and nap = diag(—c, nap), Nap = diag(—o’, ,s)
with 0,0’ = +1. We write f =0/ and f = D + 1 when 0 = +1 and o = —1, respectively,

5The symmetrized monomials are linearly independent according to the Poincaré-Birkhoff-Witt theorem.
"A map ¢ from an associative algebra to itself is an automorphism if ¢(X *Y) = #(X) x #(Y) and an
anti-automorphism if ¢(X «Y) = ¢(Y) x ¢(X). An (anti)-automorphism is said to be involutive if ¢ = 1.



and ' = 0 and ff/ = D when ¢/ = +1 and ¢’ = —1, respectively, and refer to ¢/ = 1 and
o' = —1, respectively, as Lorentzian and Euclidean signatures. Splitting Map — (Mg, P,),

P, = Mj,, the commutation rules read
[Mab7 Mcd]* = 4i77[c|[bMaHd} ) [Maln Pc]* = 2inc[bPa] ) [Pay Pb]* =10 Mgy . (24)

We let m =~ s0(D;C) and s ~ so(D — 1;C) denote the subalgebras generated by My, and
M., respectively, and refer to them as the Lorentz and spin algebras. The energy operator
E is defined by [E,s] = 0 and we write ¢ = C ® E. The real forms so(—o, —0’,D — 1),
so(—o’,D — 1) and so(D — 1) of g, m and s, respectively, are defined by (MEfB)Jr = MY
The corresponding maximally symmetric spaces of radius A~! are

SO(—o0,—0',D — 1)
S(o, o) = SO(—o’,D — 1)

= {X eRPY XxAXPnup = —0 )}, (25)

ie., S(+,+) = AdSp, S(+,—) = Hp, S(—,+) = dSp and S(—,—) = SP. One splits
so(—o,—0’,D — 1) = h @ [ where h ~ so(p) @ so(D + 1 — p) is the maximal compact
subalgebra and [h,[] = [ and [, 1] = b.

The monomials X;,, with n > 2 decompose under adg into nsp-traceless and Young-
projected tensors. The trace parts and shapes with more than two rows form the ideal [34]

IVl ={X = VxX'for X' €Ulg]}, V=XBVup+\BPVypcep, (2.6)

where AMB NABCD ¢ C and

1
Vap = iM(ACMB)C — nasMPMcp,  Vapep = MugMep), (2.7)

1
2(D +1)

absorbing the trace parts and more-than-two-row shapes, respectively. Defining U’[g] =
Ulg] \ 1, one has the chain U[g] D U'[g] D Z[V] of proper ideals. Factoring out Z[V] yields
the infinite-dimensional unital associative algebra®

A

U[g] T A(n),B(n
m = @Any An 2 Xp = 2 (), ()MA(n),B(n)a (28)

n=0

where X =~ X’ means X — X’ € Z[V]. A basis for A consists of the traceless type-(n,n)

77777 . with AA1An c C and Va,,..,a, given by an g-irreducible, i.e.
Young projected and traceless, monomial in Map and nap, thus obeying [Mpc,Va,, .. a.]x =
2y, Na eV A;_1|BlAj1....A,- 1t follows that if X € U[g] then X xV = V % X' for some X’ € Ulg].
Thus Z[V] = VxU[g] = U[g]*V is a two-sided ideal and [X *V xX'] = 0 in U|[g]/Z[V], that is X xV* X' ~ 0

for all X, X’ € U. The above holds true also if V is g-reducible.
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tensors?

Mam),B(n) = MiayB, -~ Ma,B,y = Mpa,p, * - * My,
[n/2]

:Z Kn;kTl (A1 ATIB1By **° nAQkflAanBQkflB2kMA2k+1B2k+1 T MAan> ) (2.9)
k=0

where r,,.;, are fixed by nCDMA(n)7B(n_2)CD = 0 and K,,0 = 1, and the trace parts contain
monomials of rectangular shapes. For example, if n = 2 one has

2
My2),B2) = MayB, * Ma,B, — m(nAlAanle — 1A, B,14,B,)C2[S], (2.10)

where C5[S] is the quadratic Casimir operator %M AB y Myp given by (:16) in the left
A-module S that we shall define below. For our purposes, we need

adatyp (Mcn).D(m)) = 2in (ngcy | 8BMajicn-1).0m) + 10y (BIM|cm) 4 D@-1)y) » (211)
and (see also (|A.2() and ([B.1€))

acnyp (Mco(n), D)) = 280 Ma1{C(n),|BID()} + 2207y )[aMB) Dy Mo(m-1),D(m-1)} s (2.12)

2(n+1)
n+2

where A, = is fixed by the Young projection'® while the contraction coefficient

Inn+1)(n+e—1)

Ap = —= , (2.14)
2 n+ € + %

can be computed by imposing either

(i) the trace condition using V = 0; or

9We refer to tensors with the symmetry of the Young diagram with n; cells in the ith row (i=1,...,v)
as type-(n1,...,n,) tensors, and work with normalized and mostly symmetric projectors

Pnl no,...,m H S; H A] ,
TRy hook lengths)
HCQHS( & ows i columns j

where S; and A ; are row symmetrizers and column anti-symmetrizers, respectively. Thus a type-(n1,...,n.)
tensor has v groups of symmetric indices A’(n;) = Al. A;I subject to the over-symmetrization rule
M. (AL Al AT AT aiH = =0,7i=1,...,v — 1. Young-projected index blocks are enclosed by (- --)

and by { } if they are also traceless. With the exception of (@), indices distinguished by subindexa-
tion are always assumed to be symmetrized; e.g. MAlBl <o Ma, B":M(A1 CE ~MAn)B"):M(A1(Bl ,oek
Ma, B or equivalently, Ma, g, -+~ Ma, B, =Ma, B, -~ Ma, B,y =Ma,, %~ * Ma, g,

The traceless type-(n,n) projection implies that P(MasMc(n),D(n)) = AnPMaj(cn)),BlD()} =
AnMac(n),BD(n) With P =P ac(n),BD(n)), and (suppressing the anti-symmetry on AB)

n{c11[aNB]| Dy Mc(n—1),D(n—1)} = NACc1NBDy Mc(n—1),D(n—1)
+ﬂ7l (nclcanD1 MAC(an),D(nfl) + TACy nD1D2MC(7L71),BD(TL72)
+ nC1D1nCQAMBC(n72),D(n71) + 7701DlanBMC(nfl),AD(nﬂ))

+am (Ncy 02Ny Dy Mac(n—2),BD(n—2) — 101 Dy NC2 Dy MAc(n-2),BD(n—2)) > (2.13)

. 1 (n—1)2 _ n—1
with a,, = 1 nre-Dnta=D) and G, = 2 P
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(ii) the closure relation [acar, 5, aChep | MEm),F(n) = 2inBcadr,p MEmn),Fm) — (A < B).

In (i) it suffices to substitute (£-9) to order O(n?) and O(n) on the left-hand and right-hand
sides, respectively, after which contraction by %P1 and usage of V ~ 0 yields \,, (for fixed
n). In (ii) the closure requirement yields an inhomogeneous first-order recursion relation
for A\, with initial datum Ao = 0. The latter method relies on the g-covariance of the entire
procedure of factoring out Z[V] and does therefore not require any explicit usage of V' = 0.

The separate left and right actions of A on itself induce a left A-module S and a dual
right A-module §* characterized by V+S = S**V = 0 and with pairing X (V) = (X, Y )4 =
Tr[X * Y] where the trace is defined in (R.43). We note that since X x X contains a unit
component for all X € A it follows that Sx = AxX =51 =S and Sy = X+« A= 5] =S5*.
Thus, as a two-sided module

A~ (8% ~, X+ XN X" ~ Xo(X'xX"), (2.15)

where the isomorphism follows from A®@ A ~ 1 ® (AxA) = 1 ® A ~ A. The values!!
C2,[S] of the Casimir operators Cy, [g] = 3 Ma, A2 % M, A% % -+ My, 4 can be expressed

in terms of C5[S] using Vap ~ 0 which implies M4 ” « Mpc ~ @MAC + pu’nac with
p? = 228 For example Cu4fS] = p2CalS]2 + LHL0,[S). Using also Vagep =

Miap*xMcp) = Miap*Mcip—inpaMpc) one finds MaP«Veope =~ (12 — €0) *najc Mpgy,
from which one deduces that

Co[S] = —eo(e0 +2), CulS] = (8 +e+1)Co[S], e = —— . (2.16)

These values equal those of the scalar singleton ®y = D (ep; (0)), as can be seen by us-
ing (C.1)), and one can show more generally that Co,[S] = Ca,[eo; (0)] for all n. One can
also show that Z[V] is isomorphic to the scalar-singleton annihilator!?

IIV] ~ I[D] . (2.17)
In D = 4, also the spinor singleton ’D% = D(1;(3)) is annihilated by Z[V], that is
D=4:7I|V] ~ I[Dg] =~ I[Q%] . (2.18)

2.2 Adjoint and twisted-adjoint so(D + 1;C) modules

The space A also provides reducible modules 7(™) for the generalized adjoint g actions

ad(]) X = Map X — X & Ty (Mag), (2.19)

A

g Canlg] assumes a fixed value in a representation R we shall denote it by Ca,[R] = Can[g|R].

12The elements of an associative algebra A that act trivially in an .A-module %R generate an ideal Z[R]
referred to as the R annihilator. Egs. () and () follow the lemma that if X € U’[g] belongs to an
adjoint g irrep then X € Z[D] where D is a lowest-weight representation iff X annihilates the lowest-weight
state. If D is even then Vagleo; 5'0) = 0 admits only |eo, (0)) and [eo + %, (3)). The condition Vapcp &~ 0
rules out the spinor for D > 4. Indeed, Ca[gleo; (0)] = —eo(e0+2) and Ca[gleo+3; (3)] = —3 (€0 + 3) (c0+2)
are equal iff D = 4.

— 12 —



where 7,y are the involutive A-automorphisms 7(m,) (Map) = 2 (P(ml)) AB CDNep—Mag

with P(y,) being the projector onto the generalized Lorentz subalgebras m; ~ so(D + 1 —
l,(C) @50(1;@) of g for [ =0,1,2,.... Thus, g = m; & p; with [ml,ml]* =my, [ml,pl]* =
and [pg, p] = my, and 7@y (X) = X for X € m; and 7y (X) = —X for X € p;. The

modules 7(™) decompose into g irreps ’Z}(ml) that we shall refer to as the levels of 7(™),
If m; ~ m we write

L=T9, 7 =T7m, (2.20)
and define the twisted-adjoint action ad = ad™ by

Q&MABX:MABX = MAB*X—X*TF(MAB), T = T(m) (2.21)
7'('(]\4a):]\4'ab7 7T(f)a) = —F,, P, = Mﬁa : (222)

The automorphism m, which is outer in A, becomes inner'® in the enlarged algebra'
Ay = AD (Axk), (2.23)

where by definition kx X = n(X) xk, kxk = 1, 7(k) = n(k) = k and k acts as m on
lowest-weight spaces. As shown in appendix [B, the ideal Z[V] has the Lorentz-covariant
presentation

P*x P, =~ o¢g, PyxPyxPy = 0, (2.24)

and we note the auxiliary trace constraints P® x My, ~ My, * P* ~i(ey + 1) P, and M(ac *
My = 0 Pq*Py) —€onay, and that the value of Ca[m] = %Mab*M @ in S (left action) is given

by C2[m|S] = —ep(eg + 1). Thus the elements of A have the Lorentz-covariant expansions
X~ Y XA (2.25)
n>2m2=0

where the traceless type-(n,m) basis elements!®
Tan)pim) = Mian)bm)tn—m) = Miary ** Mapbo Paryr - Pan)

= Z K/n,m;kM@,(n),b(m—2k)ﬂ(n—m+2k) Mb1ba = Mhgg_1bo) (226)

!3The inner automorphisms of a unital associative algebra A are the adjoint maps Ady defined for
arbitrary invertible elements g € A. We note that the latter elements form a group inside A, that one may
view as the non-minimal higher-spin group in the case that A is defined as in (@)

1The operator k intertwines the extended adjoint and twisted-adjoint modules hoo ® (74 * k) and T @
(hoy*k) defined in () (although this does not imply the agreement () and () between the values
of the Casimir operators on the irreducible subspaces). We recall that a linear map f : V — W is an
intertwiner between two g modules V and W if f commutes with g action, that is X f(v) = f(X(v)) for all
v eV and x € g. If f is a vector space isomorphism, then V and W are isomorphic as modules.

5The non-monomial basis elements in (@) and (R.2) are strongly equal, i.e. as elements in U[g], and
obey T(Ma(n),B(n)) = (=1)"Man),B(n) and 7(Ta(n),bm)) = (=1)" " Ta(n),b(m)
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where M 4(,) B(n) are given by (.9) and Kn,m:k are fixed by the requirement that Ty () p(m)
is traceless. The resulting Lorentz-covariant adjoint and twisted-adjoint modules read

L= @B L, Ty = b = (2:27)
e{-3,01,1,..} e{-1,4,0,%,...}

respectively, where the £th levels take the form
1
Qé|m = QA(2Z+1)’B(2Z+1)MA(2€+1),B(2€+1) , =-5,0, 57 ..., (228)

? al\s S
SZ’m = Z HS (R )Ta(s+k),b(s) ) = _17 -
k=0

g S=2+2. (229)

As shown in appendix [J, the adjoint and twisted-adjoint levels with ¢ > —% have equal
quadratic and quartic Casimirs, namely

Colg|Le] = Colg|Te] = Caoff] = 2(s — 1)(s + 2¢0), (2.30)
04[9’55] = C4[g\72] = C4[€] = (82 + (260 — 1)8 + 26(2) — €0+ 1)02 [5] . (2.31)

Moreover, as can be seen using ([C.1) and (C.2), these values coincide with those of the
composite-massless lowest-weight spaces D (s + 2¢; (s)), i.e.

Call] = Calg|s + 2e0; (s)], Cyll] = Cylgls + 2¢€0; (s)] - (2.32)

As we shall see, these agreements follow from direct relationships between L;, 7, and
D(£(s + 2€p); (s)) visible in the corresponding s0(2) @& so(D — 1)-covariant weight-space
modules. In 7;, which is infinite-dimensional, the required change of basis is non-trivial,
and actually amounts to the harmonic expansion of the linearized Weyl tensors. One
therefore distinguishes between the Lorentz-covariant slicing (R.27), where the twisted-
adjoint elements are arbitrary polynomials in A, and the corresponding twisted-adjoint
compact-weight modules

M(U7 O-/)‘Q = @M(s)(aa OJ)? M(s)(aa U/)‘h = @C ®TK(;S) ) (233)

where the elements by definition are arbitrary polynomials in compact basis elements TS)
that belong to finite-dimensional (unitary) representations of ). The latter are given by
series expansions in To(s4x)5s) (K =0,1,...) except for M) (4, —), in which case m = b.

2.3 Adjoining the adjoint and composite-massless representations

We propose that the Casimir relations (.30), (R.31) and (R.32) follow from that L,
Mp(+,+) and D(s + 2¢p;(s)), where s = 2¢ + 2, can actually be adjoined in the
50(2) @ so(D — 1) weight space. As shown in section B.1, the space D (s + 2¢q; (s)) arises
upon harmonic expansion inside M(+,+). Moreover, we propose that D(s + 2¢p; (s)) is
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adjoined to the lowest-and-highest-weight space ©(—s+ 1;(s — 1)) ~ £, via the interme-
diate conjugate-massless'® lowest-weight space D (—s + 2;(s)) (see figure [) in such a way
that the Harish-Chandra modules

0 — C(—=s+1;(s—1)) — €(—=s+2;(s)) — €(s+2€;(s)) — 0, (2.34)

enter a short exact sequence for certain Young-projected actions of L. First, the ground
state of €(—s+ 2;(s)) has the same quantum numbers as the singular vector

| —s+2;(s)) = L{tly — s+ L(s = 1)1y € I(=s+1i(s—1)). (2.35)

Next, we propose that the lowest-weight state of €(s + 2¢p;(s)) has the same quantum
numbers as the following singular vectors in J(—s + 2; (s)):

D=4: ’3 + 1 (3)>7’(s) = Erityun " Erstsust_rl T LL:,JQ; (37 1)>t(s),us ) (2'36)
D-5
D=5: |8 + 2¢; (S)>T(S) = ($+)TLZ e LZ|27 (87 8)>7’(s),t(s) ) (237)

where ot = L L} and |2; (s, s)) and |2;(s,1))y(s)4, are the descendants of | — s+ 2;(s))
given by

D=5 12 (8, 8))r(s) () = Ly =+ Ll = 5+ 25(8)) (s » (2.38)
s—1

D=4: ’2; (37 1)>r(s),t = P{s,l} <H EriuiviL’l—l:> ’ —s+2 (S)>v(s—1)t ) (239)
i=1

where Py, 1 denote the traceless type-(s, 1) projection of the index group r(s),t. We have

checked that (R.36) and (R.37) are singular vectors for s = 1 and s = 2in D = 4 and D = 5.
In D =6,8,... we define g action on Va1 by extending

Ly (zH)" = (@")"Ly +4n(a™)" ! (LI Mg+ LT(E +n— e — 1)) , (2.40)
which is valid in U[g], to arbitrary differentiable functions f(z™) as follows:

L7 ) = 4 Fah) (LMo LE(E ) + 40" S )L . (24D

The singular vectors (2.37) and (:36) vanish formally if | — s + 2;(s)) is substituted
with (R.37), so that | — s + 2;(s)) and |2;(s,s))) or |2;(s,1)) are weight-space analogs
of an abelian gauge field and its Weyl or Cotton tensor, respectively. In other words, the
sequence () is the weight-space counterpart of the Chevalley-Eilenberg cocycle appear-
ing in the linearized one-form constraint (2.68).

6The composite-massless and conjugate-massless lowest-weight states are related by the “conjugation”
eo — D — 1 — eg, that leaves invariant the values of the Casimir operators (see egs. (@) and @))
Following a standard terminology (see, for example, @} and references therein), we will sometimes refer to
them as shadow fields.
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S+ 2€fF - - - - - - - - -

s1r - -=-- - - -

J1

2-sF - - - - - =N\¢ A -
l-sfp - - - - - - -

Figure 1: The adjoint module ®(—(s—1); (s —1)) is connected via the conjugate massless module
D(—(s —2);(s)) to the massless module D (s + 2¢q; (s)).

2.4 Non-composite trace and reflectors

A trace on an associative algebra A is a linear map Tr : A — C that obeys Tr(X %
Y —Y % X) =0. If A contains a Lie subalgebra [ and decomposes under ad; into finite-
dimensional irreps Ay, that is A|; = @, Ax, A 2 X =), Th X, and if the non-singlets T/
are expressible as x-commutators, then Tr[X] = Tr 4 [X] = >y cp trgXag, Provided the
trace is finite, where o label the [ singlets and ¢, are complex numbers compatible with
cyclicity. If A[g|R] = U[g]/Z[R] where g is a finite-dimensional Lie algebra with module %R,
then the non-composite tracel” is defined as Tr Alg|)|glX] = X1 where X is the coefficient
of 1 € Alg|?R] in a preferred basis. This trace is well-defined since X ~ X' iff X and X’ have
the same expansions in the preferred basis. The cyclicity follows from Tr[7(X)] = Tr[X]
where 7 is the anti-automorphism defined in (.2), which implies that if X,Y € A[g|R]
then Tr[X xY] = Tr[7(X +Y)] = Tr[7(Y) » 7(X))] = Tr[Y %= X], as can be seen by splitting
X =Xy + X_ with 7(X4) = £X4, idem Y, and noting that Tr(X4 « Y5) = 0. If A[g|R]

'"The non-composite trace of the universal enveloping algebra U[g] is trivial in the sense that Tr[X Y] =
(X * Y)l = X1Yi.
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is infinite-dimensional, which requires R to be infinite-dimensional, the non-composite and
composite traces'® are in general not equivalent.

In the case of A = Also(D + 1;C)|Dg] we therefore distinguish between the composite
trace Trp, over the scalar singleton (see appendix [A.9) and the non-composite trace, and

define
Tr[X] = Xo = X©0 (2.42)

where X is the g-singlet in (R.§) defined with respect to the preferred basis elements (P.9),
and X9 is the corresponding Lorentz singlet in (B:23) defined with respect to the
preferred basis elements (B.2(). These singlets are equal since the preferred basis elements
are equal (strongly) in Ulg], and the (n,n)-plet of g contains the singlet of m iff n = 0.
The trace Tr extends uniquely to Ay defined in (B.23) since A % k does not contain any
singlet, which implies Tr[X % k] = 0. As shown in appendix [G.3, the Tr is equivalent in
D = 4 to the composite supertrace

D=4 Tr = Trg, —Trp,, . (2.43)
The trace Tr can equivalently be written as
Tr[X] = 12(17[X (1) 1)1, (2.44)

where the non-composite reflector |1)12 € B and its dual 12(1*| € B* are elements in the
left and right A;-bimodules!?

B = {|X)12: V(§[X)12 =0}, B* = {12(X"|: 12(XT|V(§) =0}, (2.45)

where & = 1,2, obeying the normalization condition 12(1*|1);2 = 1 and the overlap
condition

(X(1) = (rom)(X)(2) M2 =0,  12(I7[(X(Q) = (rom)(X)(2) = 0, (246

for all X € A; and where 7 o 7 is the anti-automorphism composed by 7 defined
in () and 7 defined in (2:22). The overlap conditions and (77)? = Id imply that
12(]l*‘(X*Y)(l)’]l>12:12<]l*‘(Y*X)(l)’]lhg so that 12(]1*’[MAB(1),X(l)]*’]l>12 = (0. Since

181f % has a finite dimension || then the algebra A[g|R] C GL(|%R|; C), and the non-composite trace is
equivalent to the composite trace Tro [X] = > (n"|X|n) with |n) and (n*| being basis elements for 9 and
R* with normalization (m*|n) = 4;;,. The composite trace can be written as Tro[X] = 12(15%| X (1)|1)12
where |[1p)12 = [n)1 ® [n)2 and 12(1%x| =, 1(n"| ® 2(n"| are referred to as composite reflectors of .

YA left bimodule is a left 2-module, where, in general, a left P-module V, P € N, is a linear space
with the property that if v € V and X,Y € A, then X(§)v € V and (X xY)(§)v = X (&) (Y (&)v) for
E=1,...,P,and X(§)Y(n)v =Y (n) X (&)v if £ #n. We recall that if V is an A left module then V* is a A
right module via v*(Xw) = (v*X)(w) for v* € V*, w € V and X € A. This generalizes straightforwardly
to P-modules by defining v* (X (§)w) = (v* X (€))(w). Finite-dimensional bimodules are composite in the
sense that their elements are sums of factorized elements of the form u; ® v2, while the analog need not
hold for infinite-dimensional bimodules. We also note that since w(V) = V it follows that if | X )12 € B and
12<X*| S 8*7 then k(§)|X>12 € B and 12<X*|]€(§) € B* for f =1,2.
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X, are g-commutators for n > 0 it follows that 12(1*| X (1)|1)12 =12 (1*|1)12 X0 = Tr[X].
Moreover, taking the expectation value of (P* x k x P, — oepk)(1) = 0 implies that
12(1*|k(1)|1)12 = 0. From (R.44) it follows that Q12 =23 (1*| % |1)13 obeys X * O = O x X
for all X € A so that O = cl. Defining

2317 * [1)13 = Lo, (2.47)
one has the sequence of reflection maps By ELR (Ak)12 A, By given by

X)i2 = X(D)[M)12, 120X = 12(I7[X(1), (2.48)
X12 = 23<]1*‘ * ’X>13 = 23<X*’* ‘]1>13 . (2.49)

We note that the condition (R.4€) implies, in particular, that |1)2 is a mgjag-invariant
element.
We also define the twisted non-composite reflectors

T)12 = k(1)|1)12 = k(2)|L)12 . (7] = k(1) = 12(1*k(©2), (2.50)

obeying the overlap conditions (X (1) —7(X)(2))|1)12= 12(1 |(X (1) —7(X)(2)) = 0, which
in particular imply that the twisted reflectors are ggjag-invariant. The twisted reflectors
have the normalizations 12(1*‘i>12 = 1, 12 (i*’1>12:12<]1*‘i>12: 0 and 23<i*’* ’i>12 = 113,
gg(i*\ * [1)19=03(1*| x !i>12: k13, and Tr now admits the manifestly g-invariant form

T X) = 1o (T [X(1)]T)1o - (2.51)

2.5 The adjoint and twisted-adjoint higher-spin representations

The adjoint and twisted-adjoint actions of A on itself induces the minimal bosonic higher-
spin algebra hog = hoy(D + 1;C) and its even and odd twisted-adjoint representations:

hop ={Qe A:7(Q) = —Q}, Te = {Se e A:7(51) = £n(S1)}, (2.52)

where 7 and 7 are given in (R.2) and (B.23), respectively. Their level decompositions read
hoglg = Bpop Lo and Ti|g = P2, TE+%(1$1) with levels £, and 7; given in (P-27). The
ho, transformations are defined by

ad(@@Q) =[Q,Q) = QxQ'-Q'xQ. (2.53)
adg(S) = [@,5]r = QS = Q+S—S+7(Q), (2.54)

and mix the levels as follows (see [f, 3, [id, i3] and also [J] for a more recent discussion):
;&QZ(S@) = ﬁj'i,max(_m,_g) Spr and [Qy, Qulx = Zgj—f\z—m Q¢, where the lower bound
on /" in the twisted-adjoint case follows from the contraction rules Vig ~ Vagcp =~ 0.
The algebra ho, is a minimal Lie-algebra extension of g in the sense that if £’ is a Lie
subalgebra obeying g C L’ C ho, then either £ = g or £’ = hoy. The minimal set-up can
be extended in various ways by enlarging the underlying associative algebra A, e.g. to Ay
which corresponds to adding extra auxiliary fields (see, for example, [RZ and references
therein), and /or by tensoring with internal associative algebras which adds Yang-Mills-like
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sectors, and fermionic generators [f], fl, B3, f4]. The in some sense simplest extension is to
add the half-integer levels, which leads to the non-minimal bosonic higher-spin algebra

ho = L, holg = b (2.55)

1 1
t=—30211,.

acting irreducibly in 7 = 74 @ 7_, such that if 7(Q+) = FQ+ and 7(S1) = £7(S+) then
adg, (Qe) = Q+c and adg, (S¢) = St for e = +.
The trace operation Tr induces the ho-invariant bilinear forms on ho and 7:

(Q,Q)p = —Tr[Q* Q'] = —12(QQ")12 , (2.56)
(S, S,)']‘ = TI"[TF(S) *Sl] = 12<7T(S)|S,>12, (2.57)

where (P-48) has been used to define [Q+)12 = Q+(1)[1)12 = %(Qi(l) Fr(Q+)(2))1)12
and [Si)1p = Se(D)L)p = 3(Se(1) £ S(2))|[ W12, and 12(Qx| = 12(1¥|Qx(1) =
312(1*[(Q+ () Fm(Q+)(2)) and 12(m(Sx)|= 12(1*|7(S+) (1)= $12(1*[(w(S+)(1)£7(5%)(2)).
These states carry the higher-spin representations

lado@i2 = QQ)12,  |adeS)iz = Q[S)a, (2.58)
and 12(adQQ’| = —12(Q'|Q, 12<7T(éHQS)! = —12(m(9)|Q, where
QlX)i2 = (Q) +7(Q)2)X )12, Q)2 = (Q(1) +Q(2))[S)2 . (2.59)

The ho action is (anti-)self-adjoint with respect to the inner products (B.50) and (2.57),
that is

(adg@, Q"o = —(Q',adgQ")pe,  (adgS.S)7 = —(S,adgS’)r .  (2.60)
The real forms of ho and 7 are given by
Ql=-@, S =nx(9)), (2.61)
where 1 acts as (Map)! = Myp and as standard complex conjugation of coefficients.

2.6 Adjoint and twisted-adjoint master fields

The unfolded formulation of a field theory (see, for example, P9, R3] and references therein)
involves a space R = @, Qlral @ R of locally defined rank-p, differential forms X
taking their values in g modules R® and obeying generalized curvature constraints R* =
dX® + f*(XP) = 0, where the functions f (that are sums of multi-linear products) obey
generalized Jacobi identities 7 03 f* = 0 assuring gauge and diffeomorphism invariance (for
arbitrary base manifolds). The corresponding operator Q = f“0, is nilpotent and, upon
expansion around backgrounds, its linearization induces a (locally defined) cohomology in
the space RI = D, O @ R containing the standard gauge parameters, gauge fields, and
field equations, while the non-closed and trivial elements encode Stiickelberg symmetries,
auxiliary fields and Bianchi identities [23, P5].
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In Vasiliev’s frame-like formulation of higher-spin gauge theory, the basic building
blocks are master fields in Q9 and Q. The full master fields are valued in representations
of an extended higher-spin algebra .Z, and obey full constraints of a remarkably simple
form [R0, BT, BY, AJ]. The full fields can be expanded perturbatively in terms of reduced
master fields, namely a one-form A and a zero-form ®, referred to as the Weyl zero-form.
In the minimal bosonic model the reduced fields are

AecOlop,, @ e QleoT,, (2.62)

where ho, and 7, are defined in (R-53). More explicitly,

s—1
A:Z A(s) y A(s) = —iz dxMAM,a(s—l),b(t) (xN)Malbl cee MatbtPaHl e POl s (263)
5=2,4,6,... t=0

i
d :Z Py, (I)(s):Z H(I)a(s+k),b(8) (:EM)Malbl Moo, Payiy Pagy s (2.64)
5=0,2,4,... k=0 "
where 2™ are the coordinates of the base manifold. The perturbative constraints have the
form

[o.¢] o
F4+> Jm(A A, 0) =0, DO+ Pu,(4®,....,8) =0, (265

n=1 n=2

where F = dA 4+ Ax A and DO = d® + [A, @], and Ji,) : (hog)®? ® (T3)®" — oy
and Py, : hog ® (7,.)®" — T are multi-linear products that can be computed using the
oscillator realizations (see for discussions). The standard formulation in D-dimensional
spacetime follows upon splitting A = A(3) + W + K where

1 1
Ag) = —i (e“Pa + 5u)‘l*’z\@,) = —ida" <e,ﬁPa + §w,ﬂbMab> : (2.66)

contains the microscopic Vasiliev-frame vielbein e, and Lorentz connection wu“b;

W = 282476’“. Asy; and K is a field redefinition such that e,” and the component fields
in W and ® transform as tensors under the canonical Lorentz transformations 23, B9, [1].
If Ay is treated exactly while W and ® are treated as weak fields, then the expansion
of (B.69) yields a set of manifestly diffeomorphism and locally Lorentz invariant constraints,
where thus w appears only via V = d + w or R = dw + w?. If e, is invertible, then
exhaustion of the resulting algebraic constraints and Stiickelberg symmetries leaves a set
of dynamical microscopic fields: a scalar field, a metric and a tower of doubly-traceless
symmetric rank-s tensor gauge fields (s = 4,6, ...) given by:?

¢ = cI)(O)’PaZOn G = euael/ay ¢a(s) = (e_l)(a“Wu,a(s—l)) : (267)

20There are exceptions already in the minimal case, such as the chiral models in Euclidean and Kleinian
signatures in D = 4 [@]7 whose metric and tensor-gauge fields are half-flat, say with left-handed curvatures,
leaving the right-handed components in ¢ as independent dynamical fields.
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Among the auxiliary zero-forms are the generalized spin-s Weyl tensors ®,(sqx)p(s) With
s =0,2,4,... and k£ = 0,1,2,..., given on-shell for s # 2 by s curls and k gradients of
®q(s) Plus higher-order corrections in weak fields, and for s = 2 by the kth gradient of the
full spin-2 Weyl tensor plus weak-field corrections. At first order in weak fields
R+ VW — iea{Paa W}* = L Z e’ A ebCI)ac(s—l),bd(s—l)AJCId1 e MCS?ldSil ) (268)
5=2,4,6,...
Vo —ie*{P,,®}, =0, (2.69)

where R = —i(T*P, + %(R“b + oe®e®) My, T* = Ve® = de® + we),, R%® = dw® + ww,’
and V = d — %w“bMab. Since D = d + Ay = V — ie*P, obeys D? = R, which starts
as a weak field, it follows that (R.6§) and (P.69) are consistent in the first order:?! the
consistency of (R.68) requires e A e? A €V a®Ppi(s—1),ce(s—1) = 0, which follows from (2.69),
which is in its turn consistent. Combining (R.64) and (2.69) with (A.26) yields the
following component form of the zero-form constraint (see appendix [D)):

270
Ve®@q(stk)b(s) — 2k s1k—1,5Nc{aPa(s+k)b(s)} T k—_Hq)c{a(s+k),b(s)} =0. (2.70)
Using (ID(c(a(s—i-k),b(s))) = (I)ca(s-i-k),b(s) one finds that
(—1)FE!
(I)a(s—i-k),b(s) V{al st Vakq)a(s),b(s)} , k=1,2,... . (2.71)

2k TTF, A

Other projections of (.70) yield the following Bianchi identities and mass-shell conditions:

Viu®uja(sth—1),obs—1) = 0,  s=1, (2.72)
(V2 = M21)® (s (s) = 0 520, (2.73)
with critical masses given by
k 2¢0) (k 3)(k + 25+ 260+ 1
M2, — _4)\](:)_4)\]&9_|)_1As+k,s( + 54 2¢0)(k + 5+ e+ 5)(k+ 25+ 601—1- )
’ (k+s+1)(k+2s+2¢)(k+5+e +35)
= —0 (4o + 25 + (k + 25+ 269 + 1)k) . (2.74)

These masses can be computed without the explicit usage of the expression for )\,(:), by
first rewriting (R.69) as V,®(,) = dacp, ®(,) and then using the Casimir relation C[g] =
Ca[m]—20 P Py, that is —acpaacp, @) = §(adns,zadyas —ady,,ad pa) P (s). This yields

V2@ (s40).0(s) = 0 (Calgll] — Cam|(s + k&, 5)]) Pa(sir).p0s) » (2.75)

with Co[m|(s+k,s)] = (s+k)(s+k+ D —2)+ s(s+ D —4). Inserting the value of Cs[g|/]
given by (B.3() then gives (2.74).

21The consistency at higher orders in weak fields depends crucially on the contributions from J(n) with
n}landP(n)n>2.
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2.7 Harmonic expansion of the Weyl zero-form
The maximally symmetric coset geometries (R.§) can be embedded into Vasiliev’s equations
as exact solutions given by

=0, A=Ay =9 =L"xdL, (2.76)

where (2 is thus a flat g-connection parameterized by a coset element?> L = L(x). The
leading order of the weak-field expansion around these solutions is a self-consistent set
of linearized field equations that are invariant under abelian gauge transformations. The
linearized zero-form constraint (P.69) is solved by

O = L' xSy +xm(L), dSi = 0. (2.77)
Expanding Sy in the twisted-adjoint compact-weight module My (o, 0"),

Sy =Y ST, s ec, (2.78)
yields the harmonic expansion of the linearized Weyl tensors

Oy =Y SYLT ST wm(L ZTG(M Zs (s)ials+R)b(s) —(2.79)

where the generalized harmonic functions

De)als+h)b(s) — s_,kl Ty [Ta(s-l-k),b(s) w L7157 *w(L)}
= N 12(Tags iy ()| L w12 - (2.80)

S,

The first equality follows from (B.1§), while the second from (2.44), (-4§) and the overlap
condition (2-44), which implies that 7(L)(1)[1)12 = L71(2)|1)12 so that L™ acts in the
diagonal representation where Map = Mp(1) + Map(2) and

2 = T (D12, [Tusryne) = Tagrryse (D1 (2.81)

The harmonic functions obey the Bianchi identity (2.72) and the mass-shell condi-
tion (R.79).

In Euclidean signature, the bilinear forms (-,-)p, and (-,-)7 are positive definite for
o0 = —1 and ¢ = +1, respectively. Thus, the m-covariant expansion of ® around Hp
provides a unitarizable ho-module. In Lorentzian signature, the unitarizable ho-modules
arise in ® for both ¢ = +1 (AdSp) and 0 = —1 (dSp) upon going to the corresponding
compact bases of 7. The former case will be examined next and the latter case is examined
in section [J.

. . . a
2For example, in Lorentz-covariant stereographic coordinates one may take e® = —”,f;” and w® =

%[;d”b] with h = /1 — 0222, which arise from L = exp, (4i€ \x"P.) = fexp(iAgaz"d;, P.) with £ =
}foJr%

artanh

15 and f = f(h) and g = g(h). In D = 4,6, where 7 is conformal, one has f = [ﬂ and

Vi e

g= m (see appendix E .
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2.8 Unitarity of the harmonic expansion on dSp

The the real form so(1, D) with Lorentz algebra so(1,D — 1) and transvections obeying
[Py, Py)x = —iMyy, splits into b @ [ where the maximal compact subalgebra h = so(D)’ is
generated by Jim, = (Mys, P) obeying [Jmn, Jpgls = 4i0(y(nJm)|q» and | = spang K;;, where
K., = (Mo, Py) obeys [Kp,, Ky|x = tJmn. We can define the twisted-adjoint compact-
weight module M(—,+) = ME) (= +) & M) (—,+), where M) (— +) are ho-irreps
that decompose under so(D, 1) into

= + = +)(s
MB (4 =PMT =+, M+ = PmMZL,, (282
5=0 k=0
where MES))( +) consists of generalized elements in 7y, s = 2¢+ 2, given by regular series

expansions, and ME::)-S& )S) are traceless type-(s + k, s) tensors of s0(D)’. These decompose

further under s as ME::)_E:)S) = ®s+k2j1>s>j2>0Mgl&:,lul,jg) where the traceless type-

(J1,J2) basis elements

7 [T(S) (2.83)

(s—i—k 8\]1,]2 Z f(s-‘rk slj1,32)m (]17J2) (J1 Jg);n] T(j1),t(j2):TO(n){T(jl)’t(h)}o(s_h) s

with T () p(n) defined in (R.26) andf(s+k s

conditions.?® For example, using

lj1.ja)in € R determined by the above embedding

n(n—1)(n+k+1)(n+k+2e—1)
8(n+k+eo—3)(n+k+eg+3)

P Tom)rk)y = 2T0(n) {r(k+1)) T O(n—2){r(k+1)} > (2.84)

for s = 0 one finds that the generating functions f((,jllgo)(z) =30 ((];tlllgszlz" of the “top”

elements T, ((I;‘t ,)gg ) are given up to overall constants by

k+e+3 k+e+5 1 k+3 k+20+1
f(0|0 ( ) 2F3 2 ) 2 ) 57 2 D) ) —4z y (285)
5
(=)©0) .\ k+e+3 k+e+3 3 k+4 /<;+2eo+2
Fopy (2) = 22F3 Ty iy —422| , (2.86)

that simplify in D = 4 to f(k|k ( ) = cos4z and f((,;,)ﬂgo)(z) = %sinélz. The ho action
on T ((Oi‘g)( ) fll out the spaces M(E )(—,+). By a choice of normalization, the twisted-
adjoint so(D,1) representation matrix in Mgi))(—,—k) takes the twisted-adjoint form

(F)(s) (F)(s) (s) (£)(s) : (8) 4 A 53
KT(s+k\ ) = T(s+k+1\ ) T 20 P (oths) [5®T(s+k 1s )] with A\ given by ([A.2§). These

23 An so(D)’-tensor of type-(s1,s2) decomposes under s into type-(ji,j2) tensors with s1 > j1 > s2 >
j2 = 0, and can thus be a (generalized) element of 7; for s = 2¢ 4+ 2 with expansion of the form given
in (R.24) only if s2 = s. For D = 4 the type-(j1,j2) tensors with jo > 2 are trivial, since an irreducible
50(NN; C)-tensor is trivial if the sum of the heights of the first two columns in its Young diagram exceeds N.
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s0(D, 1) modules are unitarizable in the bilinear inner product

1
MP =+ N((ﬂ):)

defined by the analog of the prescrlptlon that we shall give in detail later on, below (B.89),
with Tr(w (T( N ))) TN ) ./\f(jE (s,s)- For example, for s = 0 it follows from

(s,8]s,s (s,8]s,8)

7T((T((§|)0()0)) ) = 7T(T((0|)0()0)) = eT((g‘)O()) and ﬂ(adQS)T) = —aAan(ST) that the real forms

are given by S\ = \/e Dokt "CS(e T ((]3(0) with S((Z))(O) € R, and hence?*

(S,5) Tr(n(S) % S, (2.87)

+)(0)]™®) 277 BO gy (B gHO][ g0
(58 ) 1) —iZ[ o D Tr|(o) (R (B 56 | (567
0
p
= iZN S Se N, = TIAY, (2.88)
k=0
with (IN( )Zb = K (my " [N(mp}, that are manifestly positive or negative definite.

3. On the harmonic expansion on AdSp

We first define the twisted-adjoint compact-weight modules M(+, +|u) of so(2,D — 1)
)

&;(71,92)
reqular series expansions in the Lorentz covariant basis, and corresponding to harmonic

consisting of basis elements T’ (s with energy e € Z + p and spin (ji1,j2), given by

functions that are finite in the interior of C'AdSp. In the case of 4 = 0 we propose
that the even and odd submodules M) (4, +]0) are generated by ho from the static

ground states T, é ()0) and T é ()1)

duals, we identify the Flato-Fronsdal factorization of a subsector of M(+ +0), and also

the complete factorization of M) (4, 4]0) in terms of Sé ()0) and its dual. These fill

wedges in compact-weight space and we shall refer to them as angletons, as opposed to the

Then, in terms of one-sided A-modules S (s ()jl i) and their

singletons that fill single lines. The angletons contain (one-sided) so(D — 1)-submodules
with negative spin, and the factorization is given by a direct product modulo an equivalence
relation (see (B.32)). We then proceed to identifying the standard composite-massless
spaces DF(+(s + 2¢0); (s)) as invariant subspaces of M y)(+,+|0). Their complements
Wis) are (composite-massless) lowest-spin modules in the sense that they are unbounded
in ordinary weight space, i.e. the energy and spin eigenvalues are not bounded from above
nor below, while the spins (ji, j2) obey ji1 = j2 > 0. We propose that the Tr on A induces
norms (i.e. bilinear forms with definite signatures) on Wi(s), as we shall verify explicitly in
the case of W((ag). Finally, we describe the map from M(S)H—, +) to 7; as a decomposition
of the reflector |1)12. As by-product, we find a natural generalization of the Flato-Fronsdal

24The harmonic expansion of (V> — M?)¢ = 0 in dSp yields a compact-weight module M(o)(MQ) with

Calso(D, 1)|M?] = —M? and representation matrix where )\,(co) (M?) = 8(,Hﬁf[ﬁi—)(lg +2c0k — 1 —2¢o + M?).
2
For M? > 0 this module is irreducible and unitarizable. If M? = M} = —(p + 2¢0 + 1)(p — 1) then it

follows from )\(O)(Mz) > 0 for k > p, and )\(O)(Mg) = 0, that M )(M;) contains the unitarizable invariant
subspace M) (M7)" = D>, MEE))(M2)
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formula whereby the adjoint representation ho is identified as the direct product between
singletons and anti-singletons (see (B.174)).
3.1 Twisted-adjoint compact-weight module

The twisted-adjoint s0(2) @ so(D — 1)-covariant modules M(+, +|u), u € [0,1], are defined
by

— (s)
M(+, +lp) = @M (). Mg+ = @ cetld . 631
j1;;;§2z20
where the g submodules M,)(+,+[u) consist of regular elements T(S()J ) with spin
(j1,j2) and energy e € R, that is
(s) (s) s)
[Te;(jlm} o Zf (J1.72); { (J1.72); } (G tG2) (3.2)

where T(( 5)
7.72)

f(s). ‘ )(z) =3 fe(;s()jl’jz)mz" are determined uniquely from

€ A are the same as in (R.83), and the generating functions

& (J1,72

aCET(()Jl ga) = € e(s()nm) ' f(sywz =L (3.3)
as can be seen from ([A.24) which implies aCE(T((]l)JQ) ) = )‘83732)” ((]'81),]'2);”-1'1 +
,((J.‘?JQ)ZHT((]?’E);”_I where the coefficients are non-vanishing except )‘0((21732) = 0. It

€ R which together with (T(S)jz) W= T implies

( (J1.52)sm
() _ ) () _ s(s) :
that (Te;(j1 ’].2))]L = T, j» Moreover, (T (]1 j2)) = (- )]1 T 1.y that is

™ M(S)(+7+|lu’) - M(s)(+7+|1 - /L)a and f_ :(j1,42) ( ) f :(j1,42) (_Z)' The ideal
relations imply that

also follows that fe,(j1 J2)im

=4 [on(s) B
L [Te; s’jz)]rt(s—l),u(jg) =0 for jy =s>1and js < s, (3.4)

T+ |(s) B .
Plivi | L [T@(jlm)}r(jl)’t(h)] =0 for j2 > 1, (3.5)

and from 6’2n [g] <Te,8)j1,]2)) = E;io fe(;s()jl,jg)%MAl Az, .. MA2n <T(,() ’]2)) it follows that

Conlgl M 5] = Conlf] (3.6)

where s = 20 + 2 and Cs[f] and C4[f] are given in (R.3(Q). The space M(+,+|u) and
its subspaces M ,)(+,+[p) decompose under the ho and g actions into even and odd
submodules M(+,+|u) = M) (+, +|p) & M) (4, +|u) where

MB = @ cort . (3.7)

e;(j1,92)

€; (J1,J2)
e—p+J1+J2
= %(1:}:1) mod 2
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The Weyl zero-form ® (obeying ®' = 7(®)) can be expanded as

® = [ du o, ®0 = 3000, (3.8)

_ (s) (s8);a(s+k),b(s)
q)(s)(:u) - Z Z Ta s+k),b(s) S e;(h ]2)( )De;(j1,j2) s (39)

e—pneEZL k]ls
Jj12s23j220

where Sé ()] 32)( u) € C obey the reality condition
(s) t_ j1—s5 g(s)
(Se;(jldé)(’u)) = (=" S—6§(j17j2)(1 K, (3'10)
and the generalized harmonic functions (k > j; — s)
(s);a(s+k),b(s) _ AL a(s+k)b(s) 4 1,-1 4 [0
[De;(jl’h) ]T(jl)i(jz) s,k Tr [T <L { e; (Jw2)]r(j1),t(j2) *F(L)}
= N 12(Tagsrr) o) | L H(8)s € (15 52))12:0 () ) » (3.11)
where |(s);€; (41,72))12 = Te(,s()j1 j2)(1) * |1)12. At L =1 the overlaps are finite and given by
(s);a(s+k),b(s) {a(s+k),b(s)}D (s)
[De’(ﬂl’ﬂ) ]r(jl),t(jQ) -1 5{0( ){T(Jl)ﬂf(jz)}Dflo(S—jz)}Dfe;(jl,jz)m’

n=s+k—j, (3.12)

where {---}p and {---}p_1, respectively, denote so(D) and so(D — 1) traceless Young
projections.
In what follows we shall focus on the case ;= 0, and we shall therefore write M =

M,+]0), ME) = ME(0) and M) = M3 (0).

3.2 Static ground states

We propose that Mgsi)) are generated by u [g] from the elements with e = 0 and minimal
1 + jo, namely the static ground states

s>0 T@ = b

-0 - (0) (0)
s=0: T\ =T D) 0:(s,04) ?

) = Toos) s (3.13)

where o+ = (1 ¥ 1)/2. Furthermore, we propose that T, ((j:)) with s > 0 are generated by

Ulho] action from T(( i)) so that

=u@Iry), MW = ube1?) . (3.14)

As shown in appendix [, the generating functions of T((i)) are given by

> (42)%P (€0 + 3)2p 2¢0+3 2¢0+5 3 1
Z 2 260+1) 2F3< 04 ) 04 2 60T 5 9’ 60—|—1;4Z2> ) (315)
p=0 P

00 2
60 -I- P 2¢0+95 2¢9+ 7 9
E =oF ;2 1 2;4 .(3.16
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In D = 4 these functions are®?

(0) (2) = sinh 4z (0)

3 sinh 4z
00\ T T o) = 1622 '

(3.17)

The g-action in M obeys relations of the form

TETTF (S) FEF /(s) (S) _
(L Ly ) J1,J2) ( T Py sz)) e;(j1,92) 0, (3.18)
0,

EI)

-

Pte;(j1,52)

5

7()
7!

~+TF TF 1(s) s) o ~4 F+F j:
(FLELT) — b o Do BTy ) TS ) = ¥ = LI (3.19)
where ,uS()ijZ) ,u/(“amz),,u /((SJ )1 )€ R. To factor out these relations we first write

/\/tgj)):/ng))> U ng)) U ng)) with

 Ee > g1 +j2 — s}, ME:)) =(T) el <ji+ja—s}. (3.20)

{ €; (J1 J2) e;(1,52)

Thus, according to our proposal, there exist non-vanishing coefficients Cés()h i) such that

ME 2 1)

(s) e;(]th)} (1) t(j2) - (3.21)

() (EpFEii—s) FEG) [
Cl i @V LGS | 0?(370)]r(8)}7

for p4 = %(ie + s — j1 — j2) and where E?T((n)) = L?n e E:n}, and such that

()0 (s _p(s) T +(a+) T —(g-) (s)

M(S) ’ [Te§(j17j2)]r(j1),t(j2)_Ce;(jhjz)(L LT ){Tl"'rjrstl"'tjz [TO;(&O)L(S)} - (3:22)
for i = 2(j1 +j2 — st e) and where (ZHm)E_("))n...TmM = EE . Lfmer—m+1 . Er_m+n}’
In particular, for s = 0 one has

(0) _ ¢ =+ 70 _ 1
TeJr2 o = Cex Te;(O)’ Ce = (ct20)(ct2)’ (3.23)
(0) 1 5 +(0) A _(e — 2¢p)(e — 2)
L Te (0) - CeLr Te—2;(0) ’ Ce - Cé_e - 6(6 + 260 — 2) ; (324)

which implies ,ug)()o) = (e — 2¢p)(e — 2), ,u/e(_(z())) = (e — 2¢p)(e — 2)e(e + 2¢9p — 2), and

)

(LF + L) FEDTS, = (DHETS (3.25)
for differentiable functions f(Z1) and with
. d? d (e — 2¢p)(e — 2)
_ At
De = 4x m + 4(6 - Go)de_'_ + 1 + f"’ . (326)
For even s = 2p > 2 the static ground states are of the form
(2 - 70
[ 0; (gp } - Z E2p; nL{rler L;rzn 1 ranr@p 2m)} 1 0;(0) (3.27)

25The function fé%) (%) corresponds to the twisted-adjoint element representing the static and rotationally
invariant scalar-field profile discussed in [@]
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[T0(,2(2p, } = Zézp,nLglL; L, L, Qrzp-am) [ é?()UL}’ (3.28)

for some &y, . € R and Qp(on) = L?’T *x Ly % ox LE x Ly, € bo. Similarly, for
odd spin s = 2p + 1 > 3 one has

(2p+1) - T+ (1)
A Zf?p“"L{ner L D@ [T o 329

[ (2p+1) pl
P

_ — . T+ 7—-...7+ T 0O (1)
0;(2p+1’1)]r(2p+1),5 - 1;£2P+1§nL{r1LT2 e Lr27l,1Lr2nQr(2p—2n) |:T0;(171) s (330)

]T2p+175}

for some &op+1;n: 941, € R, and where T((i)) in their turn can be generated from the
(0)

scalar static ground states. For example, to generate Té ()1) from TO;(l) one may use
adgn,., {Té ()1)} {EMTS, [Téo()l)] } = ys [T(_l) ] , as follows from EM,s = E % M,y =

05(1) ] .
} — [TO(;O()U] *xE = 2adE [] (©) ] = —% [TO(;I()l)]T' The generation

) from Té_ ()) is more involved since F % Té ()0) = 1 adg T(O()) = 0. For example, two

M, +E and Ex [T(O)

0;(1)
(1)
of T, (1

g transformations send Té ()0) into Té_()z), which adEMTS maps to Té ()2) from which two g
(1)

transformations lead down to T 0:(1,1)°

3.3 Factorization in terms of singletons and angletons

The element T(_S) gives rise to separate A left and right modules

e;(J1,J2)
(s) _ (s) (8)* _ m(s)
Se;(jl,jz) = Ax Te;(jl,jz) ’ Se,(Jl,Jz) o Te; ji.ja) A, (3.31)

which are subspaces of M®)(+,+|u) for e — p+ ji + jo = $(1 F 1) mod 2. According
to (B-14) an element S € M™) can be written as S = doxxeaX *T((i)) * X', Thus, the
twisted-adjoint compact-weight modules can be factorized as follows:

M®B = (P s/~ §® = 80 5@ = 5O

L (332)

where we shall refer to the factors as angletons, and the equivalence relation reads
0
(X *T )@+ V)~ (X % TN @I +Y") & XTI+ =X 5T +Y". (3.33)

The ideal relations Vg ~ 0 and Cy[g|M®)] =~ —ep(ep + 2) imply that

Lf«Lf ~ L xL; ~ 0, Myox LT ~ i(eg+ E)» LE, (3.34)
1 _ .
Mt x M,y =~ §{L51,LT2}}*, LE;*LS} ~ i(1— E)x M,s, (3.35)
1
g M My ExE—é, (LI, L7}, ~ 4ExFE+¢), (3.36)
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which together with Vapcop =~ 0 show that A has the compact basis

A= EB C® Mey(jy ja)im » (3.37)

e€Z, n=20
Jj1 2 3j2 20
lel < j1 —J2

_ 4 ) (o) 5 ,2) N1y : .
where [MeGy oyl 1)) = Lirto) B ) Matia)atiay B P = 301 € = o), has adjoint

energy e and spin (j1,72), and LT(;)) = L,jFl---Lﬁcp, Mﬁflz)s(p) = Mg, - My,
T( ()0) are series expansions in Tg,), which are x-polynomials in E of order n (as follows

from (F.4)), it follows that [Mo,(j, j,)ps e(()())]* = 0. In particular, adET( ()0) = 0, which
together with acET( ()0) eTe(O&]) and (B.30) yields

Since

0) _ 4(0) (0)
Ex Te;(O) = Te;(O) *E = 2Te;(0) , (3.38)
0 0 le]
Cyls] + Te(;(é) = Ve(Ve + 260)Te(;()0) ) ve = 5 —€o, (3.39)
{LE L Y x Ty = neTSGh) pe = & +dey (3.40)
Thus S' ()0) is spanned by the elements M/, (jr 1y.0 * T((?) as can be seen by re-ordering
AT Z Cp,’ (]102) es(j1, ]2) o *x E™, where Cp,’ G1.0) are finite coefficients, which
implies that Mer,(jr jr).p * (0()) Cp,’ it )(e’)”Me (3500 * Te(;o&]). In particular, the
even angleton
_ — (0)
s = @ CRTei51,42) » Tei(rga) = Mey(jrgo)o * TO;(O) ) (3.41)
j1 2 J220
le] <1 — 32

where the basis elements T,. carry a representation of the left action, viz. M., *

(J1 J2)

7j2);n
. e”;5(37,35) . .. .
Te’;(j{,jé) => G0 Ce;(jhle)?n‘e,;(ji’jé)T Gl gy and also twisted-adjoint energy and spin

(€5 (j1,J2)), that is T, j,) = ?:jz Céfgj1,j2)Te(i)J'1,j2)’ The one-dimensionality of the com-

pact weights (0;(0)), (0;(1,1)) and (2;(1,1)), implies that there exist finite coefficients «,
o/ and o such that

+,p0) 7+ _ 70 + 0 7t (0)
Ly« T+ Ly = oTy L x T+ Ly = o Megx T (3.42)
0 0
Mg+ L+ T+ Lf = o LE« T« LE, (3.43)
: . 0 _ de 1) £, 70 1 _
where on the right-hand sides M, T} (0) = BT (30T2) [To; (1’1)} and L; *Tipy % Ly =

2¢0T. 2(;0()0), as can be seen using (F.23) and (B.23), respectively. The remaining combinations

involving one left and one right x-multiplication of ladder operators are non-degenerate,
and we conclude that the equivalence relation (B.33) is generated by

(Mo 5y 250 T((+))) ® T((+)) T(( )) ® (T((O)) * Mo,(jy jayi0) » (3.44)
0 0 0 0
(LEXT ) @ (1)) + LE) ~ a1 & 1), (3.45)
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(LiEX T @ (1) LE) ~ o/ (Mpax T @ T, (3.46)
(Mg x LE T @ (1) % Lf) ~ o/ (LE*T) @ (1) + LF) (3.47)
The left g-module S (?()0) contains the left s-submodule
o 3
= DD Pl M Ty e = 9. G

n=0 p=

where the traceless type—(n,n — 2p) projections Py, ,,_9,1 incorporate the ideal relations
Csls] = Cals|ve] = ve(ve + 2€) given in B.3Y) and Pyoq 13 M, sMy,, ~ 0. It follows that
Ve € Z + [3(e + D)], and we say that S(v.) carries half-integer or integer one-sided spins,
respectively. Moreover, if |e| < 2¢p then Cs[s|v.] < 0 and say that S(v,) carries negative
one-sided spins.

From ([F.24) it follows that

all D : DF = 09D = AxT (00 JxA, (3.49)
A*T * A
D#5: Pt = 9te = £2(0.0) , (3.50)

(A*T Lo (0,0) % A) ND=

are two-sided A submodules in M(+,+]0), and we note that (A * Tj(:OQ)-(o 0) * A)NDE is

non-vanishing iff D is odd. There is an analog of ®’ for D = 5 to be defined below. In

DT one has that if e = 2¢5 + 2n with n = 0,1,2,... then the one-sided spins are positive

integers From (F.24) and the fact that Cacy+2y, in (B.29) are non-vanishing, it follows that
- - (0)

LTl Kook LT2 141 * T2eo+2n (0

(0)
S2Eo+2n (0)

) = 0. Thus, viewed as a one-sided A module
~ D(ep;(0)) forn=0,1,2,... . (3.51)

Moreover, viewed two-sidedly, the element T2( ) otami(0) leo + n; (n)>r(n)r(”)<eo + n; (n)],
which yields the isomorphism

Dt~ Dy D}, (3.52)

underlying the enveloping-algebra analog of the Flato-Fronsdal formula ([3.64), that we
shall discuss in the next Subsection. Likewise, in D = 4 we identify the spinor singleton

450 ool (L _
=4: 52+2n 0 = D (17 <§>> forn=0,1,2,..., (3.53)
leading to the isomorphism T2(+)2 ~ |14+ n;(n+ %))i’r(")i7r(n)(1 +n; (n + 3)| underlying

the enveloping-algebra version of the Flato-Fronsdal formula for the 4D spinor singleton:
D=4:9" ~ P1©91, (3.54)
2

where King’s rule rules out the elements with twisted-adjoint energies between 2 and the
composite values. The scalar singletons and the spinor singletons in D = 4 have natural
extensions by negative spins described in appendix [ although their role in the factorization
of M and its submodules is unclear at the moment.
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3.4 Lowest-weight and lowest-spin submodules
3.4.1 Admissibility analysis

Lowest-weight and highest-weight g submodules in M, correspond to the solutions of

)

S
;(J1,52)

)

( s
e i(41,72)

LT R P T LS Y L B (3.55)

i(J1.52) T

If this holds, then C3[g] and Cy[g] are on the one hand given by ([C.1) and ([C.3), and on
the other hand by (B.g). This leads to the necessary conditions

r+y+z2=x0+1vy0,
r(x+A)+y(y+ A+ z2(z+ A") = 2o(xo + A) + yo(yo + A'), (3.56)

where z = e(e — D+ 1), y = ji(j1 + D —3), 2 = ja(jo + D — 5) and A = 3(D — 1)(D —2),
A'=1(D-3)(D—4)—1and A” = (D —5)(D —6) — 2, and finally zo = eg(eo — D + 1),
Yo = s(s+ D —3) and ey = s + D — 3. Moreover, combining (B.55) with (B.4) yields

e=s+D-3- 2 for ji =s>1and j» < s . (3.57)
s

The combination of (B.55) and (B.H) yields yet another necessary condition, valid for jy > 1,
which we shall not need here.

If jo = 0 then z = 0, and (B.56) has two roots: (z,y) = (x0,y0) and (yo +2 — D,z +
D — 2). The first root corresponds to j; = s and e = s+ D — 3 or e = 2 — s. The latter
energy level is ruled out for s > 1 due to the condition (B.57). The second root corresponds
to j1 = s — 1, which is ruled out for all s, and j3 = 4 — D — s, which is ruled for all s
except s = 0 in D = 4 where it coincides with the first root (which is thus a double root
in D = 4). Thus, the admissible lowest-weight states with j, = 0 are

j1 =5, e = s+2¢ and j; = s =0, e = 2, (3.58)

where we note the two-fold degeneracy of the root j; = s =0, e = 2 for D = 5. If
jo = s = 1, which requires D > 5, then the only admissible state is

j1:j2:s:17 622. (359)

In the remaining case of D > 5 and s > jo > 1, we have no conclusive statements to make,
though we have not found any admissible root here.

3.4.2 Case of s =0

The two admissible roots for s = 0 are realized by the lowest-weight states with generating
functions

3 3
f2eo (0) (Z) = 1F1 <60 + = 2 —4z ) f2(?()()) (Z) = 1F1 <60 + = 260, 42) s (360)
taking the following particularly simple form in D = 4:

FinE) = e fi () = (1—4z)e™ (3.61)
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For D =2p+5,p=1,2,3,..., the Harish-Chandra module €(2; (0)) contains the singular
vector |2¢p; (0)) = (27)?|2;(0)) and €(2;(0)) = D(2;(0)) ® D(2¢p; (0)) where D(2;(0)) =
@(2;(0))/N(2; (0)) is the scalar p-lineton?® and D (2e¢p; (0)) = N(2; (0)) = €(2¢0; (0)) is the
composite-massless lowest-weight space. In the enveloping-algebra realization, the module

¢(2: (0)) ~ Ulg|Typ) and

0 ~+ 0
2(50) 0 = Cocy—2 - Co(TT)P Tz(,()o) for D=2p+5,p=1,2,... . (3.62)

Thus, the scalar modules MESE)) contain the ideals:
D=46,...I0) = Q+m)0+(2;(0), I\ = (1+7)D(20:(0)),

) L)
D=5 LI = (1 4+ 7)DH(2:(0)

, (3.63)
D=79,.. I8 = 147)[®F(20) D+ (20:(0))] .

3.4.3 Case of s > 1 and the Flato-Fronsdal formula

From (F.24) it follows that L. (£)[2€0; (0))12 = M;5(€)]2€0; (0))12 = 0 for £ = 1,2 which
yields an enveloping-algebra analog of the Flato-Fronsdal formula:

s 4 2€0; (8))12;r(s) = f(s)fr(s)(1,2)[2€05 (0))12, (3.64)

where f(,) is a normalization fixed by (B-3)) and fr(s) the composite operator?”

fr(9(1,2) = (=1)°f, Zfsk L)L L - LEY)(2), (3.65)
fskp = (=1 fos—k = <k>% . (3.66)

Indeed, applying (1*|23 to (B.64) yields the lowest-weight elements:

s

(s) s—k (0) _ _
[Ts+2eo (s) } = fo 2 (1 T forlf ek L ATy o x Ly %ok Ly (3.67)
k=0

Likewise, in D = 4 the lowest-weight spaces ©(2;(0)) and ©(2;(1,1)) ~ D(2;(1)) are the
first two levels of the tower of composite massless lowest-weight spaces D (s + 1; (s, 1)) ~

Foreg = eo—(p—1),p=1,2,..., the Harish-Chandra module &(eqg; (0)) D 9(eo+2p; (0)) with singular
vector given by (x1)?|eo; (0)). Thus D (eo; (0)), that we shall refer to as the scalar p-lineton, consists of p
lines in weight space, viz.

D(eo; EBEB|60+2’€+” n),  leo + 2k +n; (n) iy = L, -+~ L, (z5)" | e0; (0)) -
=0n=0

In particular, the 1-lineton coincides with the ordinary singleton.
*"The condition (L, (1) 4+ Ly (2))|s + 2€0; (5))12:(s) = 0 is equivalent to ak fs;x + as—kt1foe—1 = 0 with
ar = 2k(k + eo — 1) implying fo.r = (=1)° fo;s—k = (—l)kas;’;fi.i;%fs;o, that becomes () for fe0 = 1.
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D(s+1;(s)) contained in the tensor product D1 @ D1 of two spinor singletons. We expect
2 2

that all these lowest-weight spaces are realized in M():

(5 _ y 7O - -
D=4: T ] oy =6t iy % I M Ty s Ly o x Ly (3.68)
k=1

where f(,) and f are fixed by (B.3) and (B.59), respectively.
For D 6 it follows from Cy[s|(1 — €y)] < 0 that the s submodule S(1 — €y) defined

in (B.49) is infinite-dimensional, thus consisting of the elements M. (it % My *Tz(;o()o) =
() () s ohs (4) : 0)
C2; i) [T2;(j,j)} e’ 7 =0,1,2,..., for non-vanishing C2;(j’j), since M{Tlt*MTQ}t*TQ;(O) ~
{L{r1 ;2}}* *T2_()) = 0. Thus Lu Tz(]() N = =0 for j > 0and D > 6, and by analytical

continuation also for D = 5, that is
LyTy) =0 fors=1,2,... and D>5, (3.69)

while D = 4 falls under King’s rule. For example, ./\/((1 contains the generalized Verma

)
module ¢'(2;(1,1)) = 6(21;[(‘1/’}1)), which is isomorphic to U[g ]T2(1(1 1) modulo (B4) and (B.9).
For D =3+2p, p=1,2,..., the lowest-weight state of@(1+2eo, (1) =2(1+2p;(1)) isa

singular vector in €(2;(1,1)), viz.28 L7 ()P~ 1LJFT2(1()1 1)u,s ~ 0. Factoring out the ideal

MN'(2;(1,1)) ~D(1+ 2¢; (1)) from (’:’(2, (1,1)) yields the spln 1 p-lineton

/(2 (1,1)) = % for D=3+42 p=12, ..., (3.70)

occupying p lines in compact weight space. In D = 5 it is the ordinary spin-1 singleton,
that is ©'(2;(1,1)) = D(2;(1,1)).
Thus, in summary, the sectors o Mgsi)) contain the ideals:

D=4:7% = (1+n) éiﬁ(l +5;(s,1)), (3.71)

=1
70 = (1+ﬂ)é©+(l+s; (s)), (3.72)
D=57...:I% = 1+n) é[ﬁﬁ(zeo +5;:(5)) @DH(2:(s,5))], (3.73)
D=6,8,...: I = (1+7r)é©+(2; (s,5)), (3.74)
70) = (1+7T)é©+(260+s; (s)) . (3.75)

28 At the level of the Harish-Chandra module €(2; (1,1)),
Ly 2P 'L 2)su = —4(p — V)P LELE|12)se +2(p— 1)(2p +5 — D)a? 2 LI LT12)s,0 +2(5 — D)z~ " [2)4,u

where |2)s.. = [2;(1,1))s,u. For D = 2p + 3 the (tu)-projection vanishes and the [tu]-projection equals
—6(D — 5)L+L+|2>t « that vanishes in €(2; (1,1)) only if D = 5, while it vanishes weakly in €'(2; (1,1)) for
all D.
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3.4.4 Summary of the indecomposable structure of twisted-adjoint module

In summary, the compact twisted-adjoint module has the indecomposable structure
M=W>aD D, (3.76)

where ® =D+t @& D~ and ©' = D't & D'~ have the substructures

al D : D ~ (1+7m)(Df @) ~ (1+7T)é©+(8+260;(8)), (3.77)
s=0

D=4:9 ~ (1+7m)®] D7) ~ (1+w)@©+(s+2eo+5S,0;(s,1)), (3.78)
2 2

s=0
D=5:9" ~ (1+m)PD"(2(s,9), (3.79)
D>6:9 ~ (1+n) <@+(2; (0) ® P D" (2 (s, s))> . (3.80)
s=0
Moreover, splitting into even and odd parts we have
D =46, ME) =W 597 M =W 59, (3.81)
D=57-: M) =W MI =WH 9 5D . (3.82)

The lowest-spin spaces W& do not contain any lowest-weight nor highest-weight states. If
I((g;) is non-trivial then W) consists of the “wedge” M) defined in (B:23) plus a finite

number of energy levels in M) < for each J1. In particular, one has

=Pt . (3.83)

le|<j

3.5 Inner products, real forms and unitarity

)

The non-polynomial nature of the compact basis elements 7" (s e (71,2 viewed as generalized
elements of 7', together with the indecomposable structure of M imply that the bilinear
inner product (S,S5")7 = Tr[r(S) x S’] induces inequivalent inner products in the different
sectors U = D, D', WE) of M:

(S, 5y Nm(S ST Ny = (Tyg,Ty)71 , (3.84)
where Ty denotes T( ) 0:(0)’ Tj(:02)-(0) and Té,o()oi), respectively, and Ny is factored out ac-

cording to the followmg prescription:
(i) expand S and S’ in the bases generated by the f’)\o/ action on Tiy;

(ii) use (R.60), i.e. Tr[ﬂ(;&QS)*S’] = —TF[W(S)*E;HQS/] for @ € ho and S, 5" € M (which
amounts to assuming Tr[X x S] = Tr[S x X] for X € A and general S € M) to write
(S,58") 7 = (T, Q(S, S")T'y) 1 for some Q(S,S") € ho;
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Figure 2: The (s0(2) @ so(D — 1))-types arising in the scalar 2-lineton in D = 9.

(iii) expand @(S’ STy = 2553§(j1,j2)C£?8j17j2)(5’ S/)Te(i)jl,jz) = Coly + -+, where
Cé_s()jl j2)(S, S’) € C are finite by construction, and declare (S,5")y to be the coef-

ficient of Ty, i.e.

(5,8 = Cx(S,5") . (3.85)

By construction (-,-)g is symmetric and ho-invariant; in particular, if ES, = {E,Sc}x =
eSe idem S/, then

(Se,Sé/)fn — 664—6’,0(56752/)% . (386)

Thus, on M) we have the bilinear forms (S,5") v,z = C(+)(S,8") where C(4(S,5")
are the coefficients of T4y in —Q(S)Q(S")T(4) with Q(S) and Q(S") € ho defined by
S =Q(S)T(4) and S" = Q(S")T(4). These bilinear forms split under(B.81) and (B.83) into
a non-degenerate inner product on W) and trivial bilinear forms on ©’ and ©, where
the non-degenerate inner products are instead defined by (S,5")o = N12—Tr [7(S) = S'] and
(5,580 = N;E—OTT‘[T((S) xS, If S and S’ obey the twisted-adjoint reality condition, i.e.
St = 7(S) idem S, then their inner product is a real number, i.e.

1 1
(S, S/) () = TI‘[ST*S/] =
MET N N

Tr[(S'T *S] = ((S, S/)M(i))* s (3.87)

— 35 —



Tr[STx 5] = !

(S, S ) N2eo N2eo

Te[(S)T %S = ((S,8)9)" . (3.88)

To examine their signatures we use the following bases:

o0

Swen = > > S%%(S)(EJF)W(E—)"@ST((B, (3.89)

s=0 m,n=0

_ s m (0) () F—\m__ 1 (0)
—ZZ[S& (LRI o + S (L) m (R )] (3.90)

s=0 m

where ng?n,Sﬁ,f),gg) € C and Q,, Rs € ho such that éST((i 7% and R T(O)

T 0;(0) ~
Ts(j—)%o;(s)' From (LF)" = LT and n(adgS)t = —ade(ST) it follows that
Wi, s=0: (SEA”)” = (1) F (1SR (3.91)
W), §>0: (SEED)* = (—ymtngE)e) (3.92)
D, §>0: S = (15 (3.93)
where the additional phase factor for W((o_)) arises from 7T((T(( i)))T) = (—1)ET ((i)). Thus
(Syy), Sy Im = Z Z (Sgn(s))*anjj%EZz,’n,an )Y(Ls) , (3.94)
5=0 m,n;m’,n'=0
25000 =5 S (S MS SO 4 (5 o) | (3.95
( KB @)9 Z Z ( m) m,m’ m/ +( m’) m’7m m ) ( )
5=0 m,m'=0
+ S F—_\m/T n/T m /T =\n' s
where  NC) = (Tj(:),(L y(LHY (L™ (L) Ti))w(i), (3.96)
() _ (pls) +ym! p(s)
Mm,m’ - ( —(s+2€0);(s)’ (L ) (L ) s+2€07(s)) . (397)

More explicitly, using (B-21) we have Mr(rf,)n (1, 42) (7L 24) _

5mn5ﬁﬁaméM(>((j1,jz);p)) where p = Lm + s — ji — j») > 0 and
s r'(j1)t' (j2) . .

[M( )((jlan)v )] T(]?ll)’t(j;; 1S given by

() p,~U1=8) 7 —(2) Ay H—s) T+(2)p(s)
< etae () fr(sy @ P Ly “ Ly (@)L S)Lt,(j2)Ts+260;(s);r,(s)}>© . (3.98)

This matrix and hence the inner product (,-)p is positive definite.?
The matrix N(H)®) can be expanded using (B-21)) and ([B-29) as follows

Ny(n—’:y)1€217n/((]l7‘72)’(]17]&)) :6m,m’5n,n’5m+n,j1+j2—85j1,Jlajg,géN( )( )((j17]2)7p7 Q)7 (399)

29The complex space D (s+2¢0; (5)) BD ~(5+2¢0; (5)) has positive definite antilinear-linear inner product

=Ny o Y, M 0 . .
M{(e: (1, d2)le's (51, 55)) = (les (i, 32))) 1€'5 (5, 58)) = | M} with M given by (E97).
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wherep:%(m—n—i—s—jl—jg) with n = 0 for p > 0, andq:%(n—m—ks—jl—jg)

with m = 0 for ¢ > 0, and [N ((jy, jo); p, )] 1) U

rGGa) 1 Biven by

(14 [Ty (B ymiy]

r(j1—s)t(i2)} {r'(Gi—s)t'(j2) 5
(s) ~_\p/F—\m ~ F+\m (s) .
(Tt E P E s @ E N T ), forp >0
(s) ~ Tin ~ \Nqg(T—\n (s)
(T80 EVE a0 E N sy Temon) o, for g >0
For s = 0 it follows from (B8] that N0 (GolG) =

6m7m/5n7n/57j15j175/1N(+)(0)((j);p, q) where j = m +n and p,q < 0, and hence

") - -6 G
(H)0)((): _ (7O (0) _ 5O} N
N ((j),p,q)}r(j) = (TH),[Tn,m]T(j) T T(+)> L =SRGNER®  (3.100)

[Tvm,n}r(j) = [(Zﬂm(z_)nT((ﬁ))Lr(j)} =L, [Tm—l’”}rg-m =L, [Tm’"‘l]ru—n} ’

where the matrix elements

1 ~ ~ r(J)
(H)(0) _ ©) )
NERO = s <T( 9, {Tnvm}r(j) (Ton] T} +)>W(+) : (3.101)

with dim(j) = 5%:8;% These matrix elements obey the recursion relation

N _ dmi—1) o) _ dim@—1) o)) (3.102)

m,n dlm(]) m,n-"m,n—1 dlm(]) m,n-'m—1n>"

where the coeflicients fob,n are defined by

Ly {Tm’n}sr(j—l) = Dy [Tm’"_l]r(j—l)’ Ly {fm’n}sr(j—l) = D |:Tm_l’ni|r(j—l)7

and given by

2 —1 2¢0— 1
Dt ., =D, = n(n+e —1)(m+nt2¢—1) form>0andn >1,(3.103)
' ' m+n+e —1

as can be seen by using (n =0,1,2,...)

LEL Tom = pinTon0, tn = 2(n+1)(n + 2€), (3.104)

T Tom = o Topr + T, w, = 4n(n+e —1), (3.105)

where the first formula follows from (L L; — 4eo)T, é;o()o) = 0, and T" is a descendant of

fiTé;O()O) that decouples from (-,-)yy+). Since D, , > 0 for m > 0 and n > 1 it follows that
N,(J,)L(O) > 0 for all m,n > 0 and hence (-, )y, +) is positive definite in W((SS).
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3.6 Expansion of Lorentz tensors in compact basis
3.6.1 Decomposition of the identity

Attempting to invert the harmonic map (B.J) from 7 to M amounts to seeking a decom-
position of the unity 1 in the compact basis. From [My, 1], = 0, that is

[Mys, 1], =0, [Mor, 1], = (LE+L:)1 = 0, (3.106)

A

and from the nature of the indecomposable structure (B.76) of Mg, it follows that

L= (4m) D0 Now@HT 0 ww(0) = 1, (3107)
V=W(H) DD o
where e(()g) = 2¢, eé@) = 2, el = 1, e(()+) = 0; Ny are normalization constants; and

the embedding functions 1g(Z1) account for the regular contributions to a4 from U
plus eventual logarithmic contributions from other modules that arise if 2 contains a
finite number of (e @ s)-types with 5 = 0. Using (B.23), (B.24), (B.23) and (B.26), the
condition (B.106) can be shown to imply that

_260—1

Dacytpo(a™) = Datpr(a%) = 0, Digpy(a®) = =—, (3.108)
4e 1
Dax(n(a*) = —, bt = 1= ety @h),  (3109)

where D, (z) = 43:% +4(e — €0) L + 1+ (e — 2¢0) (e — 2)2~ L. The transformations

vo(a®) =y (y), vor(a) =y Iy), (3.110)
Y 1-v/ o
v =1-va(5) I, X (@) = v ) (3.111)
with v = ¢y — 1 and v/ = 1 — g, lead to Bessel’s differential equation®’
d? 1d v?
B,J =K B, = —+-—+1-= at =y 3.112
Y w0, =gty F Yo, (3.112)
30The Bessel, Struve, Neumann and modified Struve functions, respectively, have the series expansions
BV G M S G ) M
PW= T W= for i rnr D)’
p—1 p—1 1
_ (p—n—-1! ry\2n-r o _1 (p—1-—n)! ry\2ntz—P
NW=Hw) -3 F——(5) T )= (fp%@ - e (5) ) |

where p € {0,1,2,...} and

_ o (=D)"(ogy® —p(n+1) —dp(n+v+ 1)) ry\v+m
By = nz:% nll(v +n+1) (5) ’

where 9(z) = - logI'(z). These functions obey

1 Y v—1
BVJV:B N, = 07 BI./HV_ (_) )
P Val(v+ 1) \2
~ 1oy -p—3 1 y)u72
B*P*lH*P*%_\/E(z) ’ Bt =505 (5
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where the sources are given by

Ky =Kg = 0, Ky = % (%)V/_l ; Ky = deoy” "2 . (3.113)

As a result, the regular embeddings are given by
D4 vo = Teo) (2) " Turly). (3.114)
D=4,6,- vo = TC-a) (1) Al (3.115)
D =57, b = 1=V —eo) (5) " Hia (). (3.116)

where we note that © = W(~) in D =4 and © = ®’ in D = 5. The irregular embeddings
involving linear logarithms are given by

D=7, by = T (y)eo_lN () (3.117)
— Iy . D = (6() _2)' 2 e0—1\Y)s .
Y €Q ~
D=68, Yy = 1—/7 (5) o (y), (3.118)
y eo+1
D =46, Yo = 1—20(1 — €) <§> £ e (y) - (3.119)
If D=5,7,... the function 1) contains quadratic logarithms and this case is left out in

this work. We note that [E, T 6(2)0)]* = 0 and more generally that

B, f(&,57)T )« = 0 for differentiable [ , (3.120)

€;

which together with [Myp, Laq]x = 0 implies that [P,, La¢]x = 0. Conversely, the gen-
eral solution to [Mup,M], = 0 is M = Zm:®+7@7’®/+7@/77w(j:) NgyMyy, where Ngy

are constants and Mo+ = T,Z)@(ﬂii)Ti(;)Eo;(o), Mo+ = gy (:Ei)T:g);(O) and My, =
(147 (x+)T((0j)[ . Demanding 7(M) = M enforces Ng+ = Np- and Ng+ = Ng—,

e ); 0
resulting in )0 rI(‘h)e final determination of Ng from the condition T % I = Ty
requires a regularization of x-product compositions of various special functions. We shall
address this issue elsewhere [Bf], and continue here with the derivation of the embedding
functions and the expansion of Lorentz tensors in compact basis.

3.6.2 Decomposition of Lorentz tensors
The Lorentz tensor |S(s+k,s)>12 = Sa(8+k)’b(8)|Ta(8+k)7b(5)>12 = Sa(8+k)7b(S)Ta(S+k)’b(s)(1)|]1>12
can be expanded in the compact basis as follows
_ 7(j1),t(j2) (s+k,s) |(st+k,s)
[Stsn0) = > ST 2 NaGumlGim G - (3121)
s+k=j1>5>22>0 V=D, W)

where:

(i) S?s(flz’i()jz) = §O(s+k=3){r(71),4(72)}0(s=72) are the type-(ji,j2) polarization tensors con-

tained in S(sTk).b(s).
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k . .
(ii) N‘gaj are normalization constants;

(iii) the embedded polarizations

g = (14 m)CNE, stkzqizs>0p20,  (3122)
s+k,s) s+k,s) Py .
g = v @ )(s):e5™; (n ) (3.123)
where |(s); eg ), (J1,52)) % ((SQ)]) ( )(1)]]1>12 and egm is the minimal positive en-
7.72

ergy compatible with the embeddmg into 2, which is given for ¥ = ©, W& by (see
also (BT30))

()
(D) L ey €4{0,1}
ey = 2€+j1+ 72, S ; (3.124)
° {eéi)-i-h-i-]z = 3(1F1)
(iv) the embedding functions ¢§(BSJ(F]]? jz)(:zfr) are determined by Q/JQ?JFJICI 8]2)(0) = 1 and the

requirement that the set {|81+Z§) m} o a0 furnishes a type-(s+k, s) Lorentz
7 stk=2j12582722
tensor, i.e. ' ’
(s+k,s) o (s+k,s) (s+k,s) (s+k,s) (s+k,s)
MOT‘(Jl J2) Jo = (41,42);5(1, 0)‘(j1+1 j2)><n T (jl,jz);(—lvo)’(j1—1712)>
(s+k,s) (s+k,s) (s+k,s) (s+k,s)
MG oG+ MG |Gy (3125)
1 _ (s+k,s) o (s+k,s) o (s+k, s) o
for Moy = 3(Ly" + L) and Mz, 50, ) = M, sy00) = 05 and Migj iy =0

for jo < s. In M the condition j; > s > js is obeyed identically, and (B.129) i
equivalent to

s+k,s
Mo{r\gsik 0;>mr(s+k)} =0, (3.126)

S-‘rk S) ( +)

providing a differential equation for 1/)% 51h,0)

Since [S(,0))12 = S(0,0)/1)12 Where Sg ¢y is a constant, it follows that (B.121)) is equiv-
alent to (B.107) for s = k = 0. In this case (B.12§) reads (My(1) + Myp(2))|[Mg)12 = 0,

where the reduced reflector

Mgz = [(go)w = (L+m)lgio g ()T 11 (3.127)
0 I

Eq. (B120) can be written as [E(1) — E(2), f(z")]x = 0 where 2™ = 2L (1)L;"(2), which
implies that (E(1) — E(2))|[Mg)12 = 0. Thus (P,(1) — P,(2))|Mg)12 = 0, and hence one
may identify

)12 = ZN oMz, Ng = Ng’(%),o)’ Yy = ’l/)(m?;(o())’()) . (3.128)

Using (A7) and ([A-G) the overlap conditions can also be written as

Po(1)Ma)i2 = SL Mz = —2L; Mz (3129)
Myo(1) Mgy = — (L (1) — L (2)) M)z (3.130)
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M) Mgz = (LE(DLE(2) + Li (1) L5 (2) M)z | (3.131)

E(1)[ Mgz = m(lzj(l)[/j@) — L, (1)L, (2)) M)z - (3.132)

It follows that (Pp, ---Puy)(D)Ma)iz = (20)7F(— )lL{ﬂ(})Lr(k l}|Mm>12 for

I = 0,1,...,k.  Combined with (B.127) and (P, --P,3)(1)| Mgz = (1 +
k Y by Y

T 0y (@ 10)€§ 5k, 0y where [(0); €55 (B, 0oy = Fl(0);e575(0))

with fr((k) being a monomial of degree k in L} and (L}, L) for U = D,D’ and U = ./\/l(i)

respectively, it follows that (kK =0,1,2,...)

Voo @) = 6oy (@h) = tu@t)  fo V=29 (3.133)

The energy operator, on the other hand, acts as

BN el = (2% 7+ e) flales )

which means that the functional forms of 1/)% (i, 0)( %) with j; < k differ from that
of YPg(a™t) for B = D,D’. For example, from \Qk(ok 10)> E"D(k0> it follows that

k,0) d
T/JEC) (k—1,0) (%) = 2eol+k(2x+ Tt T 260+ k)wz);(o,o) (@),
Next we turn to closer look at the embedding functions in the different sectors.

3.6.3 Composite-massless sector

A state L - L} [2e0 + 55 (5))y(s) € D (260 + 5; (s)) at excitation level I can be decomposed
under s using L;}|2€g + s; (5)),¢(s—1) = 0 with the result

[1/2] min(s,l—2n)

L:‘l e L;HQGO +s; t(s Z Z (2"
x|(s);2€0 +1—2n;(s+1—2n—p,p)) . (3.134)

Thus, a state |(s); (j1,72)) € D(s + 2€0; (s)) of type-(j1,72) is of the form

1(5); (1, 42)) Zwm ) (s); €5 (G, d2) » (3.135)

where 1, )., are arbitrary coefficients,

L+(J1 s) L+ Jj2)

) . 3]
()85 (i d2)) ety = L DV LEUD 26 + 55 () €

=j1+j2+2e0, (3.136)

is the type-(j1, j2) state in D (2¢p + s; (s)) of minimal energy, and the series expansion does
(D), (

not collapse for any values of s, k, j1 and ja since (z1)"[(s); ey '; (j1, j2)) are not null states.
The lemma (2.4() implies

1 _
Mg, ()20 + p; (9))r(m)} = 5(1+4n(n+60—1))L3($+)" 2e0+p; (P))r(pyy » (3-137)
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where p = s+ k and [2¢0 + p; (p))r(p) = L?T((Z))]s + 2¢0; (8))r(s)y has the property Ly, |2¢0 +
p; (P))r(p)y = 0. Hence, independently of s + k, the embedding condition (B.126) implies

d2 d s+k,s)
(%*W +deo o=+ 1) ¢@+s+k oz")=0. (3.138)

The transformation ¢g—{f_’:2 0)(x+) =y J(y) with v = ¢y — 1 and =T = y? brings (B.139)

to Bessel’s differential equation (B.112) with index v and source K = 0. Thus
stk,s 0,0) AN
WS 0@ = 50 @) = va@®) = Tlew) (5)  Jaoily),  (3139)

as given also in (B.114). For even D the embedding functions are algebraic powers times
trigonometric functions. In particular,

D=4:|Mg)i2 = (1+m7)cos(y)|1;(0))12 . (3.140)

Alternatively, the Flato-Fronsdal formula (B.64) yields the following expression for the
contribution from the D7 sector to the right-hand side of the embedding formula (B.121):

7(j1),t(j2 (S+k s) i (s+k,s) 4y ¢(j1.52)
Z S(S—I-k s) ’D i(J1,92) 1/}53 i(J1.42) ( )f s)
st+k>j1282j220

<L DL Frioy (1, 2) 260 ()12 (3.141)

where f((g)l’jz) are normalizations and L} = L} (1) + L (2). The left-hand side of (B.121)
decomposes under s as

s+k,s) ar(j1),t(5
D 9 S ot anot-m (DM, (3.142)
s+k>j12525220
where gg +j )) are embedding coefficients and To(stk—jy){r(j1)(2)}0(s—jn) = (Mirs)2 *

(Myo)*=72) 5 (P,)*U1=9) s E*(k=i1+5) plus trace corrections. (Anti)-symmetrizing under
1 < 2 using eqs. (B.129)-(B-133), and rewriting the DT sector using (B.127) and

L[;(UL;]@W@@JFNQEM(0)>12 = Lfr( )L;ﬁ( )(Dybe)(@h)|2605 (0))12),  (3.143)
Lo (1)L (2)o(z)[2e0; (0))12 = (Drtbo)(@T)|2605 (0))12), (3.144)

where Dj; and Dg are differential operators in ™ with coefficients that are analytic at
o =0, the type-(j1,j2) contribution to the DT sector of (B.149) takes the form

r(51),t(4 s+k,s
S(s(—]i-llz,i()p)NQ(DEj:jz))wg)(x+)MT(jl)7t(j2)(1’ 2)|2€0; (0))12 5 (3.145)

where DE?JFZ; ) are analytic differential operators in 7 (including the coefficients gE]JFZ; ))

and M, (j).1(j2)(1,2) = (=1)* M, () 4(j2) (2, 1) is a normalized monomial in L;f (1) and L} (2)

of degree 2jo+s—jo+j1—s = ji1+jo. Equating (B.141)) and (B.149) yields M, ;) +(,)(1,2)

L+(Jl s) +(]2 fr (

{r(j1—s) t(]z 2), and hence

(s+k,s) +\ N@ (s+k,s 4
1/}’)3 3(J1,42) ( ) B f(]17J2 (s+k,s) <D(J1J2 ¢©> ( ) :
’D i(J1,42)
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In particular, from M,y = —%(L} + L;), P, = £(L;f — L) and (LE(1) + LF(2))[1)12 = 0
it follows that the type-(s+£%,0) contribution to the % sector of (B.149) is proportional to

r(s+k s , . .
S(S(J;O))(Lj(l) + LE@2)*(LF(1) — L (2)) w(@o;(og’o) (x1)]2€0; (0)), which contains no factors
of M,s and E, and hence

f(jl,jz)N(S-i-k,s)
s+k,s s+k,s s D:(j1,4
el @) = voat), DU = N Gua) | (3.146)

The trace corrections turns the binomial expansion of (L (1) — L (2))® into the Flato-
Fronsdal formula (B.64). For example, the embedding into ®7 (29 + 2;(2)) of a spin-
2 Weyl tensor S“(2)’b(2)Ta(2)7b(2), which decomposes under so(D — 1) into (ji,j2) €
{(2,0),(2,1),(2,2)}, contains the type-(2,0) contribution ST’(Z)TT(Q),O(Z)(l) = %ST’(Q)(MMO*
M0 + ﬁPm x P,,) as can be seen using (R.24) and (B.5) to expand

4 4
Mia),52)3p =5 Marbs * Magb, = 320+ 1) (a(2) Por * Poy = 21ayt, Play * Poy) +1b(2) Pay * Pa)
460
+m(%(2)7}b(2) — Nayby Nazbs ) »
and make contact with (B.64): S"(z)Tr(g),o(z)(1)w@(az+)\2eo; 0)) =
_ 2¢0 r(2) + + + (1) _ 2(e0+1) , 4+ T + + )
= 320 1 1) S" e (™) (L (1)L (1) B LY (V)L (2)+ L} (2)L) (2) )[2€0; (0))12
_ 2¢0 r(2) + .
N 3(260 + l)S 1/}@(3: )‘260 +2; (27 0)>12;T’17’2 .

3.6.4 Singleton factorization of composite-massless reflector

The form (B.139) of the embedding function ¥y = ﬂ)g’(oo) 0)
rived starting from the compositeness relation (B.59), that is, the isomorphism
[2€0; (0))12 =~ |€0;(0))1 @ |eo; (0))2. The reduced reflector [Mg)i2 can thus be iden-

tified as the scalar-singleton reflector

can also be de-

Mp)12 = No,(1+7)[1p,)12, Io,)12 = Ry'(loy)1z (3.147)

where Ngp, is a normalization constant, lp, is the identity operator in g, and the

reflection map R induced from (2.48) and (R.49) is given by
R(X|eo; (0)F) = Feo; (0)[(Tom)(X), R(X*Y) = R(Y)xR(X), (3.148)

for X,Y € A. It follows that R(LY) = —LF, R(E) = E, R(M,;) = M, and
R(|n)*) = (=1)"*(n|, where we have defined the following basis elements for Dg:

)5y = 1 (0t e0); (W), = Loy L | £ €03 (0)) (3.149)

Fnlpmy) = (£ +€0): (0| = Tleos (0)|LF -+ LT . (3.150)

They are traceless as a consequence of the singular vector (jA.15) and normalized to

Emlr M) = 6 NaBY N = 2%l (e) (3.151)

n
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as can be seen using L, |n)sn) = 2n(n + €o — 1)d,45,|n — 1)g(n—1)}. Defining the normal
order ¥LFL;% = LiL; and z = 2L L;, the unity lo, = >.00, [N, ™' n)(n| in D
assumes the form

S (LE L) P(v +1)2"
Ip, = Z%émko; (0)>(€0; (0)\>x< = Tih(ﬁ)\éo;(@ﬂéo;((})!i ) (3'152)
where v = ¢ — 1 and the modified Bessel function I,(w) = e_mTyJ,,(e%rw) for

T 2iTy T

-1 < argw < % and [ (w) = e 3 J,,(e_32 w) for =5 < argw < 7. Applying
Rl . D} — D¢ to the (n| states in the expansion of lg, yields (—1)"|n). Using
Ry (2) = —2L;F (1)L} (2) = —a, which formally implies R~'(,/2) = iy, one finds
I'(v 4+ 1)2v )
a2 = 2 s (O s (002 = (e less (Ol (O , (3159

with the embedding function given in (B.139) and in agreement with (B.147). In particular,
in D = 4 one has
1

Lo, = % cosh v/3] 3 (0)) (3

3.6.5 Remaining sectors and logarithmic contributions

In the sector ®’ the embedding condition (B.104), or equivalently (B.12§), implies

1; (0))2 . (3.154)

1
OF, [z = cosyls 0l

2

d(zt)?

+4(2 — ¢ + 1> Yo (zt) = 0, (3.155)

Dotz (a) = (1 s
which upon g (zt) = y= T (y) with v/ = 1 — ¢y is transformed to Bessel’s differen-
tial equation (B.112) with index v/ and source K = 0. Taking into account also the
boundary condition g (0) = 1, it follows that g (z") is given by the rescaled Bessel
functions in (B.I17) if v/ # —1,—2,... and the rescaled Neumann functions in (B.117) if
V= —1,-2,.... In the latter case the lowest-weight space D(2;(0)) is the scalar p-lineton
in D=5+2p=79,...,p=1,2,..., and the logarithmic tail in 95 (x1) starting at
order (zT)Ploga™ reflects the singular nature of the states (x1)?|2;(0)). In D = 4 the
isomorphism [2; (0))12 = |1;(3))% ® [1;(3))2,; implies that the reduced reflector Mg )12 is

proportional to the spinor-singleton reflector
D=4:|Mgp)iz = Np,,(1 +7T)|11®%>12, o, 012 = Ry'lo,,, (3.156)

where N, PREE normalization constant, the spinor-singleton identity operator

(e}

-1 1 i,r(n 1
1, = Z [Nn+%] In+ §> T (n + §|i,r(n) ; (3.157)

n=0

with ~-traceless basis states and normalizations given by

1 1
1, 1.4 3
+ i,r(n - i {7‘(")} _ on
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as can be seen using L, |n + %>i,5(n) = 2n(n + %)(5T{51]n - %>,~78(n_1)} where {---} denotes
the ~-traceless projection, and the action of the reflection map is defined by

R(| +1: <%>>f) (L <%> i (3.160)

One has the following agreement:

smy 1 1 , siny
D=t fin, 0 = 0 (G )0 (5 e o 6Bt = 2. @aoy

In the sector W) the condition (B.104) reads

(L7 + L)+ e @IS = (1+ )L (D) EHT = 0, (3.162)

which is obeyed if
d? d 2¢p—1 2¢0—1

D1¢(_)(x+):<4x+d(x+)2+4(1—60)dx++1+ s >1/J(_)($+): Ty s (3163)

since (B.23) and (B.24) implies that

1+ =10 — ¢ (1 +mirT®  —c . (1+c)irT®

T ~+ 1: (0) 1 (0) 1 (0) O (3164)

The transformation ¢(_)(:E+) =1+yJ(y), v7 = y?, brings (B.163) to Bessel’s differential
equation (B.112) with index v/ = 1—¢g and source K =—y % = —y”~1 whose particular
solution is the Struve function if v/ # — , %, ... and the modified Struve function if
Vv = ;, —%, ..., as given in (B.116) and (m) In the latter case D =4+ 2p = 6,8, ...,
p=1,2,..., and the logarithmic tail in ¢_)(x™") starting at order (z*)Plogz™ corresponds
to the fact that the states (z1)?|1;(0)) € D(2¢; (0)) C D.

Finally, in the sector W) the condition (B-10q) reads

(0

(L + L)1+ m) @) Ty = (U4 m) L (Do) @ )Ty = 0, (3.165)

which is obeyed if

d2 d 460 460
+\ — + +\ —
D0¢(_)($ ) = <4$ d(l‘+)2 — 460d + 1+ —> ¢(_)($ ) = Z — 1 (3.166)

since (B.23) and (B.24) implies that

4eq (0) . deg ~ 460 (0
(A+m)Ly <_‘1> Toyo) = Jmg ( Lr+ =Ly > e

— (L +L)TY

)
o0y =0 (3.167)

The limiting procedure can be avoided by writing ¢(4)(z) =1 — =2 x(4)(zT), that is

2€0
(1 + 7)o (FH) Ty = (1+7) (TO(O(Z)) + 2X(+)(:E+)T2(?()())) . (3.168)

The condition (B.106) then reads

)

(E:+E;)(1+w)(Tg%)+2X(+)(5+)T§9(2))):2(1+w)L (Tg%) (Dgx(+))(§+)T2(%)>:0,
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which is obeyed if

d? d 4eg
+y — gt +y _
D2X(+) (.Z' ) = <4.Z' A ) +4(2 - Eo)d—+ + 1> 1/1( )(a; ) = Z , (3169)

since (B.29) and (B.24) implies that 4€0T(§2()0) = _To(;O(Z))’ and (B.166]) is indeed equivalent
to (B.169). By the rescaling x(4y(z%) =y —'J(y) brings (B-169) to Bessel’s differential
equation (B:113) with index v/ = 1 — ¢y and source K = 4egy” ~2 with solution (BI119) if

v #0,1,.... The logarithm starting at order ™ logz™ corresponds to the lowest-weight

nature of T If v/ = 0 the element T2(_0(2)) is a two-fold root to the lowest-weight condition

2;(0)°
leading to quadratic logarithms 2+ (log 21)2. Likewise, if D =5+4+2p=17,...,p=1,2,...
then the quadratic logarithms set in at order (z¥)P*!(logz™)2. We leave the analysis of

these cases for future work.

3.7 Adjoint singleton-anti-singleton composites

As seen in section [, an element Q € ho can be mapped via the twisted reflector ]i>12
to the state |C§>1z carrying the untwisted ho-representation |adQ@’>12 = Q@’)lg. Since
|1)12 = k(2)|1)12 and |1);5 contains the reduced singleton-singleton reflector [Mzp)12 given
in (B153) and (B147), it follows that |1)15 contains the reduced singleton-anti-singleton
reflector

Mo)i2 = k(2)[Mo)i2 = (1+7) Z [T PN ) S (3.170)

where we use the basis (B.149). One can show that (Map(1) + Mag(2))[Mg)is = 0. The
¢-th adjoint level, which is the lowest-and-highest-weight space (s = 2¢ + 2)

Li=D(—(s—1)i(s—1) = B C&Myy, joyn » (3.171)
e€Z,n=>0
Jj1 27220
lel < j1 —J2
ji+tn<s—1

with M., j,):n given below (B37), is thus reflected by |M@>12 to a bimodule containing

the lowest-weight and highest-weight states
[ (s = D3 (s = Wiy = (EF, LT )Moz | (3.172)

where we note that LF| F (s — 1); (s — 1))12 = 0 follows from the g-invariance of |[Mg)12
Thus one has

| (=15 (5= 1), sy = (1+W)Z%\n+s DT, | Er . (3173)
n=0 :

that is, the tensor product of a scalar singleton and a scalar anti-singleton can be expanded
in terms of finite-dimensional adjoint levels, leading to the twisted Flato-Fronsdal formula:

DF D) ® (D, D7) = @@ (s—1);(s—1)) . (3.174)
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4. Conclusions

The unfolded formulation of dynamics provides a dual fiber description of standard field
equations in terms of functions in the enveloping algebra of the underlying isometry group
and associated finite-dimensional as well as infinite-dimensional representations. This ap-
proach is natural in the context of higher-spin gauge theories. In this paper we have used
it to examine the harmonic expansion of simple bosonic higher-spin gauge theories around
constantly curved backgrounds. We have focused on the case of AdSp with the aim of
assessing the basic premises (i)—(iv) listed at the end of section [[.4.

Indeed, we have confirmed properties (i)-(iii). In particular, the factorization of M)
has been found to be given in terms of the angleton S*) which is the lowest-spin module

given by the left action on the static ground state TO(_O(Z))

by the fact that S fills a wedge in compact weight space, as opposed to the singleton
Do which fills a single line. The relation between M) and the angletons (see eq. (-39))
involves an equivalence relation ~, which is a form of “gauging” needed in order to avoid

. Our nomenclature is motivated

degeneracy, and that has no analog in the Flato-Fronsdal formula. Moreover, although
M) contains (1 + 7)(Do @ (Dg)*), the angleton does not contain (1 + 7)Dg nor any
of the states in its negative-spin extension discussed in appendix [, The field theoretic
interpretation of the angletons therefore poses an interesting problem, as does that of the

half-integer one-sided spins in Sép()o) for odd e+ D and D > 4.
(+)

We have also found that the module W(o) , which contains even runaway scalar fields,

)

g-structure together with ©(2; (0)) which is known to be unitarizable only if D < 7. More-
(+)
()

is unitarizable for all D. The situation is intriguing since W((;; forms an indecomposable

over, the twisted-adjoint ho action yields higher-spin lowest-spin modules W, |’ containing

elements with negative rescaled trace norms such as the static ground state T()(;l()l,l) in W((:S)
It might be the case, however, that the trace norm remains (negative or positive) definite
for fixed s, and a decisive analysis should take into account additional phase-factors com-
ing from the definitions of real forms of the higher-spin generators and possible internal
sectors. In concluding, we also note that there exists an inequivalent inner product on M
induced from the (non-definite) inner product on the angleton.

An important issue left out in this paper is related to the property (v), namely whether
M can be equipped with an associative structure such that the completeness relation
Iag % Ipg = Tpq can be imposed on the decomposition of the unity given in (B.107).
This issue is related to the question whether the linearized solutions in M admit non-
linear completions within Vasiliev’s equations. Physically speaking, such solutions would
describe “one-body” systems whose extensions to “two-body” systems might provide an
effective potential in some limit. We plan to give more details on this in [Bg.

A related omitted topic is the inclusion of compact-weight elements that are singular
functions on the enveloping algebra. In the case of AdSp, each analytic compact so0(2) @
so(D — 1)-type T e(;s()jm) is accompanied by a dual non-analytic element Tve(s()jl i
dual module M. Since Te(_s). ) corresponds to the generalized spherical harmonic function

541,92
that is finite at » = 0, its dual must correspond to the singular fluctuation field that blows

) forming a
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up at r = 0. Moreover, for D = 4 and s = 0, the duals of particles have logarithmic
singularities at F = 0, while the duals of runaway solutions have poles at £ = 0. Thus
one might speculate that the r < 1/r symmetry mentioned in section [[.4 corresponds to
that M and M have dual indecomposable structures viewed as ho(D + 1; C)-modules (as
defined in appendix [A]), and that this Zs symmetry extends to the full level. For example,
on the Euclidean S” minus the north-pole N and the south-pole S, this symmetry would
exchange solitons/runaways centered at N with runaways/solitons centered at S.

Another direction to pursue is the extension of the phase-space quantization program
from finite-dimensional non-compact algebras to infinite-dimensional non-compact alge-
bras. In particular we would like to realize the spectrally flowed multipleton vertex opera-
tors of the subcritical WZW models discussed in [B4] directly in terms of the Kac-Moody
currents, without resorting to free-field constructions, and then study whether these con-
structions could be extended to the angletons.
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A. Basic properties of some infinite-dimensional so(D + 1; C) modules

This appendix contains some basic properties of various infinite-dimensional unitarizable
representations of so(D + 1;C) that occur in the text. General treatises can be found for

example in [A5-[7.

A.1 Harish-Chandra modules and Verma modules

An infinite-dimensional irreducible g module SR can be “sliced” in many different ways.
The slicing under a Cartan subalgebra g(© yields the weight-space representation R’ =
@, mult(\)R, where Ry = C ® |\) with |\) being an eigenstate of the generators in g(*)
with eigenvalues A = (Aq,...,\,) € C", r = dim 9(0)7 referred to as a weight vector, or just
weight, and the multiplicities mult(X\) € {1,2,...} U {oco}. If R has finite dimension then
R ~ R’ while this need not hold true if 9 has infinite dimension. The slicing Ry of R
under a subalgebra h C g is said to be admissible if it contains only finite-dimensional b
irreps, sometimes referred to as h-types, with finite multiplicities, viz.

Rl = @mult(ﬁ)f)‘i,i, mult(x) dim R, < oo, (A.1)

where k are referred to as the compact weights of b (we note that if 9(® C p then the further
decomposition of M|, under g(® might yield weights A with mult(\) = c0). A remarkable
theorem (see for example [I7]) states that if R is a unitary representation of a real form of
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g with maximal compact subalgebra b then mult(x) < dimR. If all h-types are generated
by U|[g] starting from a finite number of h-types then fR is referred to as a Harish-Chandra
module. In particular, if & ~ Ry we shall refer to R as a (g|h) module.

If R =@, R. is a left (g|h) module with dual right module R* = @, R*"*, then the
resulting matrix representation of g in R and R* can be written as p(X) = Zm@’ Ve @
v* pf s (X). Equipping ! with the symmetric bilinear inner product Ny = (vs, Ve )|; =
Orer (Ui, Vg )m,. , SO that B and JR* become isomorphic as vector spaces, makes JR* equivalent
to the dual left module R = .. R, with representation matrix p(X) = —(np(X)n~1)T.

A reducible g module fR is said to be indecomposable if it contains a proper ideal J
whose complement is not invariant. This is denoted by R = R; @ R where R; ~ J and

P1 012

Mo ~ M /T. Thus, the representation of g in R is of the form p = , where p; are the

representations of g in fR;, i = 1,2, and the off-diagonal piece a9 : Ry — Ry, referred to as
a cocycle, obeys p1(X)a12(Y) + a12(X)p2(Y) = (X < Y) = a2([X,Y]) for all X|Y € g.
It follows that taqe with ¢ € C is a cocycle of a rescaled 1ndecomposable structure p?, such
that p° is decomposable, and that the dual left module R = R, D Ry carries the dual
fl 0 ] with dig (X) = —(mana(X)n; 7.

Q21 P2

A highest-weight module D(A) is a (g|g(®) module in which the weights are bounded

indecomposable structure p =

from above by a highest weight A in the sense that the corresponding (unique) highest-
weight state |A) € D(A) can be reached by successive maximization of Ay keeping \p/, k' < k
maximal, inducing a weak three-grading g = g(=) @ g(© @ g(*) wherein g(© is the Cartan
subalgebra, gt |A) = 0, [¢F),g®)] € g™ and [0, gH)] € g*). The corresponding
infinite-dimensional Verma module, or cyclic (g|g(*)) module, B(A) = U[g(7)]|A) (where
we recall that U[g] denotes the enveloping algebra of a Lie algebra g) is irreducible for
generic A and indecomposable for critical A in which case it contains at least one excited
state that is annihilated by g(*), referred to as a singular vector. The U [g(_)] action on
the singular vectors generates a maximal ideal D(A) C U(A), sometimes referred to as the
null module, and

T(A)

U(A) = D(A) 2 N(A D(A) = —=. A2

(A) =D(A) 2N(A4), (A) o) (A.2)

In the case of g = so(D + 1;C) the finite-dimensional representations are
highest-and-lowest-weight spaces.  In Euclidean signature nap = (+,...,+) and

with (Mpys—ok Dt2—2k— M) | A) =0for k=1,...,v = [(D+1)/2], these arise for highest
weights obeying

1\"
AGZTU<Z—|—§> R A1>A2>>Ay>0, (A3)

which we shall refer to as positive integer or positive half-integer highest weights, or
more shortly, integer or half-integer g-spins. They correspond to traceless tensors or
gamma-traceless tensor-spinors, respectively, in shapes with Ay cells in the kth row (as
can be seen by going to helicity basis). In the tensorial case the lowest-weight state is
| — A), thus obeying g(=) | —A) = 0.
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A.2 Lowest-weight representations

Upon Wick-rotating the D and D+ 1 directions into time-like 0 and 0’ directions and going
to the helicity basis V¥ = VO iV and Vi = (VO FiVy) with nt~ = —2, one identifies
the energy operator and the energy-raising and energy—lowering ladder operators

E - —MD+1’D - MO’O = iM++ - —2iM+_, (A4)
Lf = My, FiMy, = My, ¥iP, = M, = —2M,+, (A.5)

with P, = My, = (F, P,). The resulting commutation rules read
(L7, LY] = 2iM,, + 26, F [E, L] = £LF, [Mys, L] = 2idyoLiy, (A.6)

and [Mys, My,] = 4idpy(sM,)p), exhibiting a three-grading whereby g = [ @ (e @ 5) @ [T
such that [E, [*] = £[* and hence [[*, [¥] = 0. In this basis, the g-automorphism 7 defined
in (2:22) acts as 7(LF) = LF, n(E) = —F and 7n(M,s) = M,s, and extends to a map

between (g|e © s) modules as the reflection 7(|e; 57)) = | —e; 5'). The g-antiautomorphism
7 defined in (2.9) extends to the reflection

1d, integer spin . (A7)
—Id, half-integer spin

where (—e; 5’| belong to dual (gle @ s) modules and ¢(e; 5°) are phase factors.
One particular type of infinite-dimensional representations of so(D + 1;C) are highest-
weight spaces in which 5o = (Ag,...,A,) is a spin of s ~ so(D — 1;C), while the lowest

eigenvalue eg = —A; of the energy operator E = —Mp_1 p is no longer quantized. Splitting
g®) = s&) ¢ [T, where s(F) € s N g®) and I+ are the “effective” ladder operators obeying
[IF,1*] = 0, it follows that B(A) = U[H]U[s(T)]|A), where the s-submodule U[s()]|A)
contains a null s-module M(s|’s’y) such that €, = = Z%Oé)iﬁ is the (e @ s)-type with

(minimal) energy eg. Factoring out the generic g ideal U[[T]9(s]59) € N(A) from B(A)
yields the generalized Verma module

O [0V B B R
C(eg; o) = NGEEDE Utie, z, = P mult(e;5)¢,», (A8)

—
e=eq; s

which is thus a (gle @ s) module with energies bounded from below by ep. Thus we have

a lowest-energy state |ep; 50)T = |(A1, 50)) and a highest-energy state | — eg; s0)~ =
7(Jeo; o) obeying

(EFeo)|£eo; 50)t = 0, Lf|+ep;s0)t = 0, (A.9)

and the restriction of U(A) and 7(U(A)), respectively, to the subspace U[IT]| £ ep; 5 )T
yields

¢E(xep; 50) EB C®le;s) leo+n; 5)=P~ [(Li)"|:|:eo;?0>i] , (A.10)

+e>ep;s
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where, in a slight abuse of notation, we are denoting €,.+ by |e; s’). The singular vectors
are states |e}; 5 4)F with fejy > ey obeying LF|el; 54)F = 0. They generate generalized
Verma submodules forming a maximal ideal 3% (deq; 5°o) and
Q::t(ﬂze(); ?0)

3% (%e0; 50)
where thus D% (ep; 59) = D(A1, 50) and D (—eg; 50) = 7(D(A)). For generic eg
the energy spectra are unbounded in DT (eg; 5¢) and D (—ep; 50), that are then

@i(ieo;?o) = (A.ll)

distinct albeit isomorphic representations which we shall refer to as lowest-weight and
highest-weight spaces, respectively (although they are actually of opposite type back in
Euclidean signature). In this context the finite-dimensional representations are referred
to as lowest-and-highest-weight spaces.3!

The lowest-weight and highest-weight representations are unitarizable in two-time sig-
nature for ey > eo(3) in such a way that D¥(eg; 59) ~ €F(—eg; 50) for eg > eg(50),
where eg(5) is a critical value at which at least one singular vector develops while F
remains unbounded from above (two singular vectors arise in conformal cases with sy > 1).

The critical cases of interest to us are:

scalar and spinor singletons : eg = 8o+ €0, sg =0, % ) (A.12)
composite massless particles : ep = s + 2¢g, so =1, g, 2, g, ey (A.13)
where ¢y = %(D —3). The corresponding singular vectors are:
singletons  so=0: leo +2; (0)) = LT L |eo; (0)), (A.14)
=1 et 35 (3)5 = e zleot 35 ()0, (A.15)
massless  so=1,2,...: |so+2e0+1;(s0—1))r(so—1) =L |s0+2€0; (50))tr(s9-1) » (A.16)
30:;;... : ]30—1—260—1—1;(30—1)>i7r(50_%):Lzr\eo;(30)>i7tr(50_%), (A.17)

where the s irreps of the ground states are given by
Mrs’eO; (30)>t(so) = 2i305t1[s’60; (30)>r}t(so—1) > (A18)
, 1 i »
M;s|eo; (30)>i,t(50_;):21<80 - §>5t1 1sl€03 (50))3 je(s0—2) — 5 (Vrs)i” €03 (50)) 4501 » (A-19)

with 7. and .5 = 7,7, being s50(D — 1) Dirac matrices, and the right-hand sides are
automatically traceless and 7-traceless, respectively. The phase factors in ([A.7) can be
chosen to be

scalar singletons : (| £ €0; (0))%) = F(Feo; (0)], (A.20)

31The finite-dimensional irreps arise for negative ep. For example, the (D + 1)-plet ®~(—1;(0)) =
¢ (—1;(0))/3(—1;(0)). The singular vector LEL:}| —1;(0)) generates J(—1; (0)) ~ €(1;(2)) containing all
states in €~ (—1; (0)) with energy e > 2 since L LT L L} | —1;(0)) = —6LEL:}| —1;(0)). Thus ©®(—1;(0))
is spanned by | — 1;(0)), |0; (1)) = L;"| — 1; (0)) and |1; (0)) = L L] — 1; (0)), and the highest-weight state

is L] 15 (0)) € (15 (0)).
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massless bosons : (] £ (50 + 2€0); (50))F) = (=)® F(F(s0 + 2€0); (s0)], (A.21)

1 1
4D spinor singletons : T<\ +1; <§>>i> T(F1; <§> B (A.22)

4D massless fermions : () £ (so+1); (s0))F) = (—)50_%2' T(F(s0+1);(s0)| - (A.23)

A.3 Lowest-spin modules

In this paper, we refer to an infinite-dimensional (gle®s) module W(eg; 50) as a lowest-spin
module if:

(i) the energy spectrum is unbounded from both above and below (while the spins are
bounded from below at least by (0...0) or (% e %) by the admissibility assumption);
and

(ii) W(eo; 50) = M(eo; 80)/Z(eo; 50) where M(eo; 50) = UITJU[IT]|eo; 8'0) with the
static ground state |eg; 5 o) being the (e @ s)-type with minimal |e| + dim(7s), and
Z(eg; §o) is the maximal ideal.

The state generation yields a canonical inner product (-, -)yy(e,;5,) (following the prescrip-
tion under (3:84)). We say that W(eg; 50) is unitary if (., IW(eo; o) 1S Positive definite
for the real form of W(eg; 5°g) compatible with the g action. We note that LF|eg; 5 o) are
non-vanishing, and that M(eg; 5'¢) may contain an infinite number of (e @ s)-types with
given energy e, in which case its decomposition under the g(») C ¢ @ s contains infinitely
degenerate weights.

A.4 Twisted-adjoint (g|m;) modules

The twisted-adjoint (g|m;) modules (where we follow the notation of sections R.1 and R.2)

= @m(wk@) , mult(s + k,s) = 1, s=0,1,..., (A.24)
k>0

with representation matrices given by

(s,8) o (s,8)
Minn () s0)Ip(s1).a(52772081 Ipa (51 5 mlp(s1—1),(s2)

+2is21g, [n\ o (e dmla(ea=1) » (A.25)
(s,5)
Pm‘(s+k,s)>n(s+k),p( )y 2As+k s‘ s+k+1 s)>m{n(s+k),p(s)}
+22” nm{n1|gz_ik 1,8) n(s-+k—1),p(s)} » (A.26)

where the traceless type-(s + k, s) projection implies that Ay s = % and??

(s,8) . (s,8)
M| (s k—1,6) (s +h—1),p()} = Tmna | (5 k—1,))n(s+k—1),p(s)

*To compute Ay, one may use P(PeTy(srk)b(s)) = Dstk s PTefa(sh).0(5)) = DstkosTea(stk),b(s) With
P = Pea(s+k),b(s)y, OF equivalently Ty(sqrt1),6(s) = Dstr,sTa(a(s+k),b(s)) Where

(s+ k)'s'
T —
a(a(s+k),b(s)) (S+ k+ 1) (k +2 1x s Z a(s+k+1 n)b(n),a(n)b(s—n) -+
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+as+k,snn(2) ’ E?ji_ 1,s) >n(s+k—2)m,p(8) +

+ﬁs+k,s"7n(2) | Ej_i?g_178)>n(s+k—2)p,mp(s— 1)

+’Ys+k,s77inn(s+k—1),mp(s—1) ) (A27)
. _ _; s+k—1 _ (s+k—1)s - __ s
with Astk,s = 2 st+kteo— 1 ’ 5s+k s = 2 (s+k+eo——)(2s+k+260 D and Vs+k,s = T 25 k42e9—1°

while )\,(:) is fixed by the closure relation [P, P,] = ieM,,,,, ¢ = 1. One solution is given
by the dimensional reduction of (P-12) which takes the form33

s k(k+s+1)(k+2s+2€e — 1)
g 8 k+s+e +3 2lol(s)] 2ll], s +2.(A28)

For s > 1 this is the unique solution while s = 0 admits the massive deformation3*

k(k? 4 2e0k — 2¢9 — 1 — eM?)
20 =2 00 Colgl(0)] = eMF . A29
o - A O] = M. (A29)
This can be seen by expanding [P, Pp]|(K))px) as
0
2P| (K + 1)) np) + 200 Dhagps] Pl (8 = D) i1y} — (m > n) (A.30)

0 0
= A il D)y + N0 0 16D ph—1)
AN D Dt | (k= 2)) p(—2yy — (m > ),

where the anti-symmetrization on m and n removes the last term,?® leaving

4>\;(£21 (Ml () pr)) + k1 M(mpy | (E)) pe—1)ym ) +
AN (D | (B g 1ym + @) () p(—2)mm) — (m > )

Using T{a(s4k+1-n)b(n),a1)a(n—1)b(s—n) = 0 to cycle the b-indices yields Tg(stk+1—n)b(n),a(n)b(s—n)
1

n

mTa(s+k n+2)b(n—1),a(n—1)b(s—n+1) = %Ta(wkﬂ) b(s)- Thus [Awk s]

Rl s () (e (s+k+2)
SHRAFT Zun=0 (FFEFTY T (eF2)(s+k+1)
1-— n)k+1.

33Actinlg on a Lorentz tensor the mass operator V2 = M? = —P? = ¢(Ca[mi] — C2[g]). The value of
Ca[g] in (?) yields the critical masses for composite massless Weyl tensors and scalars as examined in

s (st) _ 1 S
as a consequence of the lemma > Y = Groen > (s +

appendix
34The finite-dimensional highest-weight representation D (¢), containing the scalar spherical harmonics,
i.e. the Killing-normalizable solutions to (V%p + Cs [50(D + 1D)]|(0)])¢ = 0, arises inside 2R(0) for Calso(D +
D](6)] = £(£+2(e0+1)) and € = —1, leading to )\ 0= 5 W(Z—Fl k)({+k+2e0+1), which are positive
for k=0,...,¢, vanish for k = ¢+ 1, and are negative for k =+ 2,£+3,..., so that J(0) = @?’:Hl R (k)
is an (non—unitarizable) ideal and ©(¢) = 2(0)/3(0) = @i:o R (k) a unitarizable quotient.
35 Explicitly, using ) one finds that 1, (p, |Tm|ps (kK — 2)) jp(n—2)} — (M < n) equals

k= 17np1 Mp(2) | (K = 2)) p(k—8ym + QTp(2) (Mnps |(F = 2)) pih—3)n) + h—110p(2) | (K = 2)) p(k—aynym) — (m < n)

k—2 20()60()6,1
= 2 (a;H e e ) Mp(2)Mps [l (F = 2))mip(e—3) = 0.
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k)\](i‘-‘t)-l 20‘k+1)‘1(c(£1 (0)
=38 <k +1 - E+1 - )‘k np1[m‘(k)>n}p(k—1) = 2k77p1[m‘(k)>n}p(k—1) ) (A?’l)

(0)

which is an inhomogeneous first-order recursion relation for A, with initial datum )\(()0) =0
whose general solution is given by ([A.29). The massively deformed twisted-adjoint spinor

R(3) = D, 9‘{(%“3’%7___7%) has the representation matrices

1 . 1 ] 1

1 3
P (k + §>>n(k) =2 <| (k + §>>m{n(k)}

() 1 (3 1
+A, nm{m|<k‘— >>n(k Dy iy 7m|<k+ >>{n(k)}>v(A-33)

where the Dirac matrices obey {7V, n} = 21mn; the y-traceless projections

1 1 1
Nin{ns | </<3 - 5) Yr(k—1)ymn | (k - §> In(k—1) T Axne2)| (k - 5) In(k—2)m
1
+Bk’7mn1| <k7 - 5) >n(k—1) > (A'34)

1 1 1
Yrm| <k + 5 >>{n( K} = Yml (k + §>>n(k) + CkYn, | <k + §>>n(k_1)m , (A.35)

with A, = B = and Cj, = and the closure is solved by

k=1 1 k.
2(k+<0)’ (k<o) Fteots’

b e k(k + €o)((k +eo + 3)° — eM7),)

k (k‘ + €+ %)2 ’

8
3) _ Ve My 1 1 3
e =7y k+€0+%’ Ca g B = E]\41/2 (60“‘1) € + 5 ) (A.36)

A.5 The conformal twisted-adjoint modules

The conformal twisted-adjoint (g|m;) modules, namely (s, s) ~ D(s + 1;(s,s)) for s > 1
in D = 4, and R(0) =~ D(ep + 3;(0)) and R(3) ~ D(eo + 1;(3)) in D > 3 with the
conformal masses given in ([D.11]), are singleton lowest-weight spaces® of the so(D + 2;C)
generated by Map = (Mag,RB), 1aB = (naB,+), where the conformal translations
Ry = (Rp, R), which obey [Map, Rc] = 2incpR4) and [Ra,Rp] = —iRyp, can be
represented for integer s by

(s,s o (s,s)
_R ’(s—l—k s) >n(s+k),p(s)—As—l—k,s‘(S+k+1’s)>m{n(s+k),p(s)}

_)‘](:)nm{ru |E2f2_175)>n(s+k—1),p(s)} , (A.37)

36 Conversely, the g singletons remain irreducible under m C g. Thus the g singletons are zero-momentum
representations of iso(D—1, 1), i.e. infinite-dimensional unitary representations of so(D—1, 1) with vanishing
momentum. In particular, the massless UIRs of is0(3,1) are conformal and as such composite in terms of
Di ® Rac, although in a non-tensorial split (see comment in appendix @) This suggests a manifestly
$0(3, 1)-covariant unfolded realization of the singletons in the singular light-like geometry of the boundary
of 4D Minkowski spacetime.
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8,8 0 1
R’Es—l—k s) >n(s+k),p(s) ZA( )‘EsJ’-L s)>n(s+k),p(s) ) A]i ) = €<k + €0 + 5) . (A38)

The closure relation [R,,, R,] = —iM,y,, holds for all )\,(;), while [Ry,, P,] = inmnR
requires conformality. For example, for s = 0 the contributions to [Rm, Pu]|(k))pry of

k+ 1 (conf)

type Nip, |(ml(F))n)|p(k—1)} cancel iff Mg = Mg(conf), leaving SZT’I’}mnK (k) to be
identified with the action of R. We note that the conformal representation matrices of g
simplify, viz.

>\](:)|conf — %k‘(kz + 2s), fors>1inD =4, (A.39)
¢ 1 1 € 5
)‘l(cO)’Conf = §k<k + €0 — §> ) )‘I(gZ)‘conf = gk(k + 60) s :ul(gz)’COnf = 0. (A'40)

The conformal embedding of iso(D; C) = spanc{ M, I1,,,} reads
1 1

II,, = E(Pm +Rp), Xm= E(Pm —Ry), [Mpn, 2] =iMpy +inmnR, (A41)
with representation matrices H| 8+k 9 > = 2f| 8+k+1 9 ) and E| 8+k 9 ) =
2\/_)\(5 7] zjk 1 s)> leading to the identifications 1I,, = %L,J;L, Ym = %L;L and £ = R

(whose hermltlclty properties are discussed in [p(], for example), and to the identification of
the smallest Lorentz tensor with the lowest-weight state. Thus, the light-likeness condition
1111, =~ 0 can be written so(D + 2; C)-covariantly as the hyperlight-likeness condition

1
Vap = 5M; AEMpyc ~ 0. (A.42)

B. Details of the Lorentz-covariant factorization of Z[V]

This appendix contains details of the procedure of factoring out the ideal Z[V] defined
in (R.4) from the enveloping algebra U[g]. The constraints Vap ~ 0 and Vapcp =~ 0,
defined by (2.7) and (R.7), decompose under m into

1 1
Vig = (0P % Py — p?) ~0, Via = Z{Mab,Pb}* ~ 0, (B.1)
1
Vip = 5(M(ac * Myye — 0P * Py + 11°nap) =0, (B.2)
Vabed = M[ab *Mcd} ~0, Wabc = _P[a *Mbc} =0, (B3)
with pu? = —2,%_[18]. The g-irreducibility of Vg ~ 0 implies that V}, ~ 0 and Vj; ~ 0 follow

from Vi ~ 0. Similarly, the constraint Vgpeq ~ 0 follows from Vjgp. =~ 0. More explicitly,
using that u? is a commuting element one can show that Viy =~ 0 implies that

P % My, ~ My, x P* %’L'(Eo—l-l)Pb , (B4)

from which (B.1)) follows immediately (alternatively one may compute Vi, = —%"[Pa, P«
Pyl = —%[P,, p?]x = 0). Next, eq. (BA) and P x P, ~ op? imply

M, * My = 0P * Py — p*1ap (B.5)
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that is Vi ~ 0. Similarly, [P, Virbeql« < Vabed, 50 that Vapeg = 0, ie. Mgy x Meg] = 0,
follows from Viyape = 0, i.e. Pg * P x P ~ 0. Finally, the value of p? is determined from
P2 x P[a * Pb * PC] ] %(Mz — EO)MbC.

Next, the m-covariant basis elements defined in (R.26) can be expanded in traces in
the first row. For example, for m = 0 one has

Tamy = Ppay -~ P

Qn }

— P(al * vk Pan) + ’{n,O;ln(alagPa:’, * ek Pan) + 0(772) 5 (B6)

- +1)n(n—1)(n+4ep—2 :
with fp01 = —ol )Zé?nﬁ)o(i %)EO ). Let us use the contraction rules (£24), (B4)

and (B.H) to compute , = fn 01 by demanding the right-hand side to be traceless. To
this end, we first use (P.24) to expand

NPy * Pex Py, -+ x P,

an—2) ~ €0l * Pays

2
+7n(n 1) Z P, - %Py * [Pb,Pal. *"‘*Pajfz]**Pb*Paj,l xok Py

1<i<j<n

where the summand can be evaluated modulo trace parts, which only affect the higher
traces in ([B.§). Thus, for i = 1 and j = n we find using (B-4) that [Py, Pa, x- - %Py, ,]x*P?

= iMyg, * Pay* -+ % Py, % PP+ Py, % (iMygy) % -+ % Py, _, x PP+ - -

(€0 + 1) Py %% Py, + NpayPay * Py %---x Py, % PP

4Py > (Mbag Pay )% Pay %+ - % Pay,_y % PP Poyx Poy % (T Pag ) % Pag - - -% Pa, _y%x PP -
+(€0+ 1) Py, * -+ % Pa,_y + Pay * (1hay Pay) * Pay * - % Pa,_, x PO 4+

Q

1
+--+0(n) = §(n—2)(n—|—260—1)Pa1 *x-*k P, o +0() .

The contributions from j = n and ¢ = 1+ k for £k = 0,...,n — 2 are obtained by letting
n — n — k, and are given modulo trace parts by F,, x---x P, , times Zz;g k(eo + 1+
%(kz -1)) = %(n —1)(n — 2)(n 4 3ep). Letting n — n — k yields the contributions from
j=n—kfork=0,...,n—2, which are thus given modulo trace parts by P, x--- % F,, ,
times % Sra(n—1—k)(n—2—k)(n—k+3¢) = Zn(n—1)(n —2)(n+4€ + 1). Hence
the trace of the first term of the right-hand side of ([B.6) is given by

1
nbcP(b *x Pex Pyy---x Py ) & <€0 + E(n —2)(n +4ep + 1)> Py x--*P, ,+0O(n)

1
= E(n +1)(n+4e —2)Pyy x---* P, _,+0O(n) . (B.7)

Tracing the second term of the right-hand side of (B.6) yields &, times

4(n + 2¢p — 2)
1" N(pePay * -+ * P, 2

an—2) = WPM *eox Py, +0(n) . (B.8)

The tracelessness of the right-hand side of (B.6]) thus requires

2(2n +2¢ — 1)

nn—1) kn =0, (B.9)

1
E(n +1)(n+4e —2) +
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which yields the value of x,, given below (B.6).
The contraction rules (B.24) and (B.4) can be verified against (A.2§) which implies

acp, (To(s+k),b(s)) = 286k, sTefa(s+k)b(s)} T 2>\](:)770{aTa(s+k—1),b(s)}7 (B.10)
where Ay s and {---} are given below (A.26), and )\,(j) in (A:2§). For s = 0 one has

acp, Ty = {Pas Tomy b = 2Tapn) + 200000, Tyn—1) - (B.11)

. (0) _ n(n+2ep—1)(n+1)
Wlth An = m and

n—1

Tt (B.12)

Nafor To(n—1)} = Maor To(n—1)) + Nvib Lo(n—2))a »  On = Qno = —

which means that )\510) is determined by the trace condition

{PaaTab(n—l) }* = )‘g))nacna{th(n—mc} . (B13)
The right-hand side can been simplified using (B.13), which yields

(n+ €+ 3)(n+2¢)
77ac77a b Tb n—2)c} — Tb n—1) - (B14)
{b1+b( )} n(n—l—eo—%) ( )

On the left-hand side we first use the 7-map to show that P* x Tyy,—1) = Topn—1) * P
We then use (B.G) and the contraction rules (.24) and (B.4) to compute P® % Tpp(,—1) as

1 = 2k,
EP“*ZPM*u-Pbifl*Pa*Pbi* * Py + =Py k% By +O(n)

n—1

~ <eo + %(60 F)m— 1)+ é(n ) —2)+ 2—> Py %% Py . +O()

(n+2€6)(n+2e—1)(n+1)
8(n+ ey — %)

Tyn-1) + O(n) . (B.15)

Substituting (B-14) and (B.15) into (B.13) then yields A agreement with ([A.2§).

Another basic x-product in the m-covariant basis is

o(n—1)nn+1)
M, (Te(n)) = 2Le(myla) + 2onMlal{er Len-1} 16 Pn =~ n e+l ,(B.16)

2(n+1) o —1
with An = Z55% Malfa Tem-v1ie = Nela Tem-1)0) — 551y T2 Te(m-2)iat), and we
note the alternative form acas,, (Ten)) = 2MapTen) + 20nMa){er Te(n—2) Me,} b -

Finally, the Tr norms of the basis elements defined in (2.9) and (R.26) read

m C(n
Tr[Ma(n),B(n) * MEm-Dm] — 5mn5§A(( ) B(n)} }Nnn YD1 (B.17)
T[Ty ) * TN = 6, G 5}2&2 s }/\/ (nm)p (B.18)
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where the normalizations are given by

nl(n+ 1)1 (eo)n

N = A A = (—2)" , B.19
( ’ )D+1 1 1 ( (€0+ %)n ( )
! D(2€0)n
Ny = A0, A0 = (85)-n 2 (n+ )3( “n (B.20)
as can be seen by making repeated use of (.13) and (A:2G). For example,
Tr[To(n) * Tomy] = Tr[Pra, x - x Py iy * Ty
= Te[Plg, %% Pay oy x (Tuss + T+ A0, 0, Ty 1)) )]
= TI‘[P{al K)ok Pan,1 * )‘g))nan}{bl Tb(n—l)}] s (B.Ql)

where T;, denote traceless symmetric x-products of n transvections, and we have used the
fact that Tr[Ty 41 * T,—1] = Tr[T,, x T,,—1] = 0. In particular, using

[n/2]
{a(n)} _ a(2), \kga(n—2k) _ (=n)ok
5{b(n)} = ];) k(n Mb(2 )) 5b(n_2k) , ty = Py —— %)k , (B.22)
from which it follows that (5{ﬁ Z N = an/ g] W =2"" ((252‘1:%1)):, we obtain

n'(n + 1)!(260)n(260 + 1)n

T[Ty oy * Ty (] = (—0”)4~2"
[ g (n) #( )] ( ) (€O+%)n(60+%)n

(B.23)

C. Quadratic and quartic Casimir operators

The values Ca,[g|(eo; 50)F] of Co,lg] = %MAlA2 *MA2A3 * e *MA%Al in ®%(eg; 50),

So=(my,...,my,_1), are given for n = 1 and n = 2 by
Calgl(e0; 50)*] = x5 + Cals| 5ol (C.1)
Culgl(eo; 50)*] = a (x5 + Ao) + Culs| 5] — Cals] 0] , (C.2)

where xa—L =ep(epF(D—1)) and Ay = %(D—l)(D—Z), and the values of Cs[s] = %M’"S*Mrs
and Cyls] = %Mrs * Mt % M™% M," in the 5 o-plet are given by

v—1

v—1
Sol =Y ak,  Cals|So] = > ap(z+ A, (C.3)
k=1 k=1
with z, = my(my+D —1—2k) and Ay, = (D —1—2k)(D —2—2k)+ 1 —k. The (th level
adjoint level £, defined in (.2§) has lowest weight (—(2¢ + 1);2¢ 4 1), which yields (.30)
and (R.31)) (with s = 2/ + 2). The composite massless lowest-weight and highest-weight
spaces DT (4(s + 2¢g); (s)) have the same values of Cs[g] and Cy[g].
To compute Cs[g] in the twisted-adjoint representation we use P%x P, = o€y to write

adgy (g () = adeym(S) — o{P% { Py, S}l
= ang[m}(S) —20(gS + P** S« P,) = adCQ[g}(Sg) +40P% % S+ P, ,(CA4)
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where Co[m] = % WM from which ¢ P% x S « P, can be eliminated, which yields
adgyg)(S) = 2adcym(S) — adey (g (Se) — 4o - (C.5)

An element Sy € 7y, defined by (£.29), carries the highest weights (s+k, s) and (s+k, s+k)
with s =20+ 2 and k£ =0,1,... of the adjoint m and g actions, respectively, and for all k

5&02[9}(55) = (2Ca[m|(s + k,s)] — Calg|(s + k,s + k)] — 4eg) Sy

= (2C2[m|(s, s)] — Colgl(s, s)] — 4e0) S = Calg|] S, - (C.6)
Similarly,
5804[9](5) = adC4[m](S) +
+%[M b7 [Mbcv {PC7 {Pa7 S}*}*]*]* + %[Maba {Pba {Pca [Mcaa S]*}*}*]*

+%{Pa7 {Pb7 [Mbcv [Mca’ S]*]*}*}* + %{Paa [Maba [Mbcy {Pc, S}*]*]*}*

3P AP B [P, Sh bbb + 5 (P (B (P (P 5L L))
= ade,m(S) + C1(S) + C_(S) = ade,g(S) +2C_(S), (C.7)

where C;(S) and C_(S) are the terms with an even and odd number of translation gener-
ators standing to the right of S, respectively. Eliminating C'_(.5) leads to

ade,(g () = 2ade,m(S) — adey(q (S) + 204 (S) . (C.8)
The quantity C.4 (S) can be calculated using (B4), (B), and Muy*S*xM™» = —adc,m (S)+
{M® % M, S}, with the result
C+(S) = adgym(S) — 2e0(265 — €0 +1)S . (C.9)
Thus, using the g-adjoint and m-adjoint highest weights for Sy, we find that

adc, (g (Se) = (Calm|(s + k, 5)] — Calg|(s + k, 5 + k)]) S,
+ (Co[m|(s + k,8)] — 4eo (265 — €0 + 1)) S¢ = Culgl]Se . (C.10)

D. Critical and conformal masses for the Weyl zero-forms

In this appendix we give some details related to (B.7() and the mass formula (B.74). Let
us begin with the case of s = 0, where the linearized master-field constraint reads V& q) —
ie"{Pa, @0y}« = 0, with (g given by (R.64) and P, in the presentation (B.L1). The
constraint takes the component form

2A\0)
Vi@a(n) = 207y Pagn—1)} + =77 Pragn) = 0, (D.1)

with 7yq, Pa(n—1)} given by (B.13). The symmetric and traceless part of (D.1)) yields (2.71)
for s = 0 while its trace part leads to the masses in (R.74). To this end, contraction with

V? yields

22
V2(I)a(n) — 277,7']bc (TIbal ch)a(n—l) + nMa;ay vc(I)a(n—2)b) + F—l—llqu)ba(n) =0. (D2)
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Elimination of V.®,(,_1) and V. ®4,1) using (B.71) followed by {a(n)}-projection leads to

V20, + AV D) + a0 b (e ®a(n)) + nr1Mpay Pan—1))c) =0 . (D.3)

Performing the traces one ends up with the following expression for the critical mass:

3
M2, = —4\® — 1)) (n+2e+1)(n+e+3)

" (1) (n e+ 3) (D-4)

Inserting ([A.2§) leads to the critical mass Mg, = —(n* + (2¢0 + 1)n + 4€p)o in agreement
with (2.74). For general s we use ([A.26) and (2.64) to expand V.® — i{P., ®}, as

3

? : s a(s+n),b(s
Z H (Ta(s-i—n),b(s)vc_2Z(An+S,STca(s+n),b(s)+)‘£L)nc{aTa(s—i-n—l),b(s)}))(I) (sm).b(s) . (D5)

s,n

The component form (R.70) follows by rewriting the middle term as

Tca(s+n),b(s)<I>a(8+n)’b(s) = Ta(5+"+1)’b(s)nc{a¢a(s+n)7b(s)} and last term as

NetaTusn-1) 55 LT = (e in—1).5(s) + (Maa and g, traces)) @+

_ Ta(s-i—n—l),b(s)@C{a(s+n_l)7b(s)} . (DG)

Contracting (R.70) by V¢ yields

2 (s)

A0
VA a(am)pe) = 208151 VlefaPa(sen-1)4(s)} ~ r 71" VaPefassn) b(s)} »(D-7)

with 7o Pa(s+n—1),b(s)} &iven by (A:27), and where the gradients on the right-hand side
are to be eliminated using (R.70). In the first term one finds

_4As+n—1,s>\£f)"7€d (ncaq>d(a(s+n—1),b(s)> + as+n,s77a(2)q>d(a(s+n—2)c,b(s))
+ﬂs+n,sna(2) ®d(a(n+s—2)b,cb(s—1)) + ’Ys-l—n,snab(pd(a(s—l—n—1),cb(s—1)))
= A 1 A Rotasrnons) = —AAND Po(sin) (s (D.8)

where the (- --) Young projections are imposed prior to the final symmetrization on a and
b indices and @, 14(s1n—1),b(s)) = (As+n_17s)_1 D (s+n),b(s), Which follows from the definition
of Agipn s in (JA.26). In the second term

—AACL A T Mefa® (a(sam) b))

285 4n+1,s
s+n
(n+s+2€e)(n+s+e+3)(n+2s+ 2 +1)
(n+s+1)(n+2s+2)(n+s+e+3)

1
= _4A£LS_?_1As+n,sm <5+n+250+3+2043+n+1,s_ +73+n+1,s> <I>a(s+n),b(s)

= —4)\£LS_?_1A8+H,S a(s+n),b(s) - (Dg)
Combining (D.§) and (D.9) the critical mass can be identified with (2.74).

Unfolding a scalar field ¢ obeying (V2 — M2)¢ = 0 yields the master-field equation
(V —ieP,)|®(py) = 0 where [®q)) = > 7 infba(")|(n)>a(n) belongs to PR(0) defined

n=0 nl
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by (A.26) with ¢ = 0 and my = m. From [V,, V]Ve = 201V, it follows that the
auxiliary O-forms obey

(V2= Mg, )®uy = 0, Mg, = o(M§—(n+2e+1)n), (D.10)

for non-critical masses obeying (D.4) with AL given by ([A:29). Similarly, unfolding a spinor
¥ obeying (Y*V, + € My 5)1) = 0 yields the master-field equation (V —ie®Py,)[W(y/9)) =0

where |W(1/9)) = 302 mﬁa(n)\(n + 2))a(n) belongs to €(3) defined by (A33) with ¢ = o

and € is the sign in Eﬁ(%b)ga = ¢(74)*¢g. The conformal masses in the maximally

symmetric D-dimensional geometry with Rap cd = —207,(cNapp are given by
(D = 2)0n" Rap cq 1 3
Mg’conf = 4(D — 1) =2 = —of e+ 5 €0 + 5 s M12/2‘conf = 07 (D'll)

We note that Mg |cont = Mg |erit iff D =4 or D = 6 and that M12/2’C()nf = M12/2]Cm iff D =4.

E. Indecomposable negative-spin extension of scalar singletons

The scalar singleton D7 = D (ep; (0)), which consists of compact (¢ ® s) weights (o +
J;(4)) with j = 0,1,..., can be embedded together with the scalar anti-singleton ®;, =
D~ (—¢€p; (0)) into the indecomposable representation

M =Wo > (Dg ®D;), W= P W, (E.1)
(e:(v))€A(eo)

where A(eg) = {(&([eo] + p); (—(eo + [€o] +p)))} 2o and mult(e; (v)) = 1. The negative
spins (v) label s-irreps We,(,)|s ~ W(v) given by the quotient submodule sitting in the
dual 9R4(0) of the twisted-adjoint s-module R,(0) defined by (A27), (A.24) and (E23)
with D — D — 2 and C3[s|(0)] = v(v + 2¢p) = p? — €2. This twisted-adjoint module is
irreducible for p < €y — [¢9] — 1 and indecomposable for p > ey — [eg], in which case its dual
R.(0) contains D(j) with j = p — €0 + [eo] as an invariant subspace. The representation
matrix of R4 (0) is given below in (E-§) and (E-9). The decomposition M|y = MES'))GBMEO_))
under g’ = so(D — 2,2) C g is the twisted-adjoint compact-weight space of the harmonic

expansion of a conformal scalar field®” in AdSp_1, such that 20| g = W(((;S) & W((O_)) and
DLy = D (e (0) ® D*((eo + 1); (0)), with

M) = D Cole; () = W ® [(1+m)D (e +61:(0))] , (E2)

e€Z+e], 5/ €{0,1,...}
e+j,:[eg]+%mod2

where 64 = (1 F (—1)%~l<0]). We note that the action of g’ is unitarizable in 9%, while
the action of g is only unitarizable in DSE.

3T Alternatively, on S* x SP~2 with metric ds® = —dt® + dQZSD,g, the harmonic expansion reads ¢ =
Y bu w0 Dy o (1) where |w| = —v — €0 and (Vip_2 + (v + 260))Dy,a = 0 for v = —(eo + [e0] + p)
with p = 0,1,.... For fixed v = —2¢y — ¥, the generalized spherical harmonics {D, o} ~ 20(v), which is

irreducible if ¢ < 0 and indecomposable if ¢ > 0 with ideal consisting of the standard spherical harmonics
Yi,0-
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Explicitly, letting m’ = so(D — 2,1) C so(D — 2,2), the harmonic map from the con-

formal twisted-adjoint (g'|m’) module RR(0)|y (given by (A.26), (A.37), (A.3§) and (A.40)
for D — D — 1) to My takes the form

vy = Zf G |(n+] 0 {r (")} » (E.3)

0 0)c
where [())o(n) € RO)lg (! = 0,1,...,D —2) and [0)5)
type-(j') tensor of s’ =s0(D — 2) with energy (E — e)|(0()]C )r(jry = 0. The latter condition
yields 6(n — 1) —ef@c Ln+1)n+2( + 60))f(0 =0 for n > 0,

(J) 27¢;(j")in Yin+1
where 0(x) equals 1 for x > 0 and 0 for x < 0. Equivalently, the generating function

705 () = ooy 2 1, obeys

d2 -/ d .
<i_+3 +€0_+E_z> fe(?()j,)(z) =0, (E.4)

T”(j’) (r’ = 1,,D—2) is a

16 dz2 8 dz 2

whose solutions that are analytic at z = 0 can be written as the closed contour integrals3®

c c ds eo+j’ +e— eo+j'—e—1 4sz
Tl (@) = €5 fi ori0eqr(8) (L= s) 0T HETL (1L syotdmerlels o (BT)

where Cé?()jc,) is a normalization constant chosen such that fe(o();)(O) =1; . j(s) =1 for
le| = €0+ 4" and e (s) = log 1 for |e| < e+ 4’ — 1; and C is a closed contour encircling
the branch cut from [—1,1]. The integral collapses on residues at s = +1 for |e| > €y + j',
i.e. for elements in the lowest-weight and highest-weight spaces, while it collapses on the
(logarithmic) branch cut and turns into a real line integral from s = —1 to s = +1 for
le] < e+ 7 — 1, ie. for elements in the lowest-spin spaces.

The non-compact s module 20(v) thus consists of the states | > on which the s action
is represented by M,y , generating the s’ subalgebra of s, and the conformal translations

LS TICL ~(e),(0)c \(©) 5, 1(0)c
§er‘e;(j’)>5'(j’) pj’ ‘e;(j’+1)>7“’5’(j') )\j’ 57’/{’6;(j’—1)>5'(j'—1)} s (ES)
. -/ e+ e . e—+e ~(e 1.,
I?)g ) (] 0)(] 0) )\( ) _]/(J/ €0 1) ’ (Eg)

(j/+60)(j/+60+%) ’ i 8

%8The line integral f: dsf(s), where a,b € R and f(s) is analytic in a neighborhood of [a,b] can be
rewritten as the closed contour integral

b
ds s—a
d = — 1 E.
[ s = § 550 () 560, (£5)
where ~ encircles [a, b]. For example, if n =0,1,... then
1 ds s ds 1 Cm—2 1
dss" = — 1 "= — 1 " = . E.
/O 5  2mi Og(g—l)s ) 2 Og(l—s)s nt1 (E6)

This lemma generalizes to the case where f(s) has branch-cut along [a, b] provided f(s) ~ (s — s0)"°0 with
Nso > —1 as s ~ so € {a, b}, so that the real line integral is finite.
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as can be seen by acting on (E.J) with R, and using (A.37); one first obtains

_ ((0)c . . (0)c
BBl )30 = 1) G0 = § (03 ) (5 €0~ Ly 162 1) Yooy
which ylelds

R s i s Gom) = 02(%’] ) 6500 )
p:7

n, (0 C
)\ 7 0 ' {s} ’(n—i—] "+p) > ’(j’—l)}O(n—l—p))

with 37 = 1, 5 = —3gn(n — 1), N = i'n+j +e—1)+ 5 ",(ﬁ 1)1 and Xy =

%Jﬁ%, and where {---} denotes the traceless type-(j') projection. The coefficients

in (E.) are then given by ;3§,) = po’ —|— p2’j fe(_o(j,)_2 and A§.,) = Xg’jl.

The Flato-Fronsdal construction raises the issue of what is the additional content of
the direct product My @ Mp. It cannot be identified with Mg, which has already the
factorization given in (B.39) in terms of two angletons. Indeed, in odd dimensions the
shadow |2;(0))12, which obey (E(§) — 1)|2;(0))12 = 0 and L. (£)]2;(0))12 = 0 (§ = 1,2),
cannot be realized in My ® My except in the trivial case of D = 5.

F. Some properties of the Te(:?j) elements

To analyze the elements T ()) defined by (B.J), we start from ([A.26) which for o = 1 implies

- 1
PoTowmyr(g))y = 2 <To<n+1>{ru>} - EAu);nTom—l){r(j)}) : (F.1)

X\ ~n(n+j+1)(n+ 7426 — 1)(n + 25 + 2¢) (F.2)
Wn (n+j+ets)ntite—3) ’ '

Thus, the coefficients fe(o()J)n obey the recursion relation
(0) € 40 1 (0 _
00 = Dfeiiin—1 ~ 3 estim — 16 0+t fesipns = 0 (F-3)

with initial condition f O —1and.If 7 =0 one has

_ + 1)(n+260 — 1)(n+260)
oI o o WS WA P S WA (F4
16 ©);m ) (n+60 — —)(n+60+ ) ( )

where E™ = Tj,), and the recursion relation can be rewritten as

~ ~ 4” €0 + 3 n ~
2e <n+eo+ >fn = (n+1)(n+2¢) (fn_l—an) . fa o= o 1()'(25021— 5 fn . (F.5)
If e =0 then f(g'o()())'Qp—l—l =0 and
3 2¢0+5 2¢0+3
(0) _ 42 (60 + i)zp _ o ( 04+ )p (OT+),, (F.6)
0:(0)2p (2)2p(2€0 + 1)2p P (3),(c0+1),(c0+3),
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and one may write the generating function as

E
© y_ L 3. . 3, o
fo;(o)(z) = 2E/0 dz <1F1 <60 + 2,260 + 1,4z> +1F <60 + 2,260 +1; -4z

2¢g+3 2¢0+5 3 1 9
F: ;= — 1:4 . F.
23< Y ,2,€0+2,€0+ ,2> (F.7)

Since Te(-(?o) obeys (£ — §) « T

e(0) = 0 it can be represented as

70 = § ebs e (- G o5 B), a(siB) = o] (78)
where g(s; E) is the Weyl-ordered form of the group element; C is a closed and bounded
contour; d.(s) equals 1 if there are poles or branch cuts in the remaining part of the
integrand, which is the case for generic e, and log[(s — a)/(s — b)] for suitable a and b for
special values of e; and Cé_o()o) a normalization chosen such that fe(_o()o)(O) =1.InD = 4,6 the
composite massless scalars are conformal (see appendix [), with simpler representations

matrices, viz. A0 gn(n +e — %) and A(g)., = n(n + 2¢), and the group element can
be written as
a(s)
g(s; E) = e ary &P [4Etanh —} . (F.9)
cosh>0t! &7 4
Specifically, in D = 4, one has E x T(E) = (1 — %%) ET(FE), implying

2 0 0 -
<1—16j7 + 5 —1) zfe(;()o)(z) = 0, and fe(;()o)(z) = e F(1 — e;2;82) for e € C. These
functions can be represented via the Laplace transformations

. (0) _ 1 ds (s—1\° 4sz
e#0: fe;(o)(z) =% | o <8+1> e, (F.10)

o (0) B 1 ds s+1Y\ 4
e=0: 0.(0) (%) = 2§ 2mi log (8 — )¢ (F.11)

where the closed contour «y encircles the interval [—1, +1] which is a branch cut except for
e € {+1,£2,...}. In the latter case, the contour encloses the pole at —sign(e) with residue
the rescaled Laguerre polynomial

e—4sign(e)z

le]

e
The integral (F.10) approaches (F.11) as e — 0, since <%) =1+ elog% + O(e?),
and (F.1)) can be rewritten as the real line integral

ee{#1,%2,...}: [} (2) = L, _(8sign(e)z) . (F.12)

1 .
PR () B 1 isz sinh 4z
e=0: fo(2) = 2/_1 dse*™ = PP (F.13)
In D = 6 the functions take on a similar form:
(0) 3 dS 2 S — 1 ¢ Asz
+1: =— ¢ —(1— F.14
#0410 = f - () (F 14

— 64 —



¢ s+1\ 4
1 . (F1
0g<8_1>e (F.15)

_ .0 3 ds o o (l=s
e=0,%l: 0;(0)('2)_4(14—62)7,{2711'(1 s)<8—|—1>

If e =2 or e = 2¢ it is possible to impose the lowest-weight condition

e=2,2¢: L7T( = 0, (F.16)
which by means of
‘ZT_TO(n) <nTr0(n 1) + 2Tr0(n) + )‘(0) rO(n 2)> ’ (F17)
—1 1 2¢p — 1
i = O Dl D+ 20 1) w1y
, (n+e—3)(n+e+3)
amounts to the recursive relation (n > 0)
_ L@ ntl 1 (0) _
¢ =220 foop + 5 Taomn T g o Saome = 00 (F19)
Subtracting (F.J) yields the first-order difference equation (n > 0)
1+¢)fY Lo A o) = 0 F.20
(n+1+e)f,. A(0);n+1 g( (O)m+2 T AOm+2)f, (0)mt2 — U (F.20)
+2)(n+3)(n + 2¢0+ 1)
N oo+ Aoreg = 20 , F.21
(0),71"1‘2 (0)7 +2 n+€0+ 5 ( )
whose solution can be shown to obey (FJ) iff e = 2,2¢, in which case
€ € 3 n .
fégg;(o);n = (—4)"(0J(r and f (—4)”;!()(—21_5(2)))” corresponding to the generat-

ing functions given in ()
Eq. (B:4Q) implies that L, *Te(;o(z]) can vanish only if 2(eg+1)e = €2 +4ep, that is e = 2¢
or e = 2. Similarly, from (B.39) it follows that M,  x Te(_o(z]) can vanish only if e = +2¢.
Indeed, using (B-16) to derive the lemmas
1(n—Dn(n+1)(n+2¢ —1
8 (n—l—EO—%)(n—l—Eo—F%)

aCMOTTo(n) = 2MOT’TO(n) + )MQT»T(](”_Q) s (F22)

1 (n—1n%(n+1)
acay Top) = 2MrsTom) = 8 (n+e€ — —)(n + €0 + )MTSTO(n_z) ’ (F23)
one can then show that
- (O N 0 _ (0) _
Ly x Ty o) = Lr Ty ) = 0, Mys * Ty 00y = 0 (F.24)

G. Oscillator realizations

In this appendix we collect some basic properties of oscillator algebras, and some particular
properties of the spinor-oscillator realization of 4D higher-spin representations.
G.1 On traces and projectors in oscillator algebras

We first discuss traces, inner products and projectors in the phase-space (two-sided) and
Fock-space (one-sided) representations of oscillator algebras. To further illustrate ideas we
also discuss generalized projectors and fermionic oscillators.
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Phase-space trace and supertrace. The complexified Heisenberg algebra
uxv —v*+u = 1 generates the associative algebra of Weyl-ordered, i.e. symmetrized,

functions f(u,v) with product
2

freg= [ AT 24&50) (4 £,0+ Eglu+ inyv— i), (G)

where dédé = 2d(Re€)d(Im¢). The algebra admits the two inequivalent hermitian
conjugations

=0, of =u, u = —v, vt = —u, (G.2)
and two associated inequivalent traces, namely the cyclic trace and the graded-cyclic
supertrace

dudii ,,  _ f(0,0
() = [ S iwn, () = G2 (@3)
C s 2
obeying Try(f x g) = Try(fg) = Try(g * f) up to boundary terms and

Tr_(f x g) = (—1)D@Tr_(g « f) for functions f and g with definite parity defined by
f(=u, —v) = (=1)*) f(u,v) idem g. The two traces are related as follows:

Tri(f) = Tr((-DF ), N = vxu, (G.4)
where we use the notation z# = exp,(Alnz) with exp, A = >, A;!n and

A = Ax---x A . Eq. (G4) is a consequence of the Weyl-ordering formula
n times
exp(2w tanh §) 1

exp, (aw) = p—-Y , w = N+ 5 = w, (G.5)
2

for o € C\{+im,£3im,...}. This formula follows by acting with 0/d« and using

19 1 &
Thus, setting exp, aw = r(a) exp(s(a)w), one finds ' = —rs/4 and s’ = 1 — s2/4 subject

to 7(0) = 1 and s(0) = 0, with the solution 7~! = cosh(a/2) and s = 2tanh(a/2). Eq.
(G.4) then follows from

exp 2w
exp, (i(m+ €)N) ~ —i ; 1 as n = —sin(e/2) — 0, (G.7)
which together with Try (f xg) = Tro(fg) implies
2iuu
dudiu €Xp =~
lim Try (exp, (i(m + €)N) = f) = —ilim uen T f(u,u) = (0.0 . (G.8)
e—0 n—0 J¢ 21 n 2

Moreover, from exp, (aN) x exp, (BN) = exp, ((a + B)N), it follows that
liII(l] [exp, (i(m + €)N)]** = lir% exp, (2i(m +€)N) (G.9)

— lim exp(2tanh(i(m + €))N —i(m +¢€))
=0 coshi(m + €)

in agreement with (—1)57 * (—1)57 = (—1)3N =1.

=1, (G.10)
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Fock-space inner products and projectors. The standard Fock space F = @, ,C
|n), where |n) = T!O> and u|0) = 0, has two inequivalent inner products I (|V), |¥’ >)
+ (| V') defined by

I (pm),vin)) = av(£1)"0mn , u,veC, (G.11)

and related to the traces Try by

1 -
I (Im),In)) = Tra(Pom), Pom = Womm V" x Pogxu™, Py = 22 . (G.12)
One may identify P, ,, < |n)y(m| = |n)(m|, where (V| = L (¥|, since the projector al-

gebra P, , x P,y = 0ppP,q follows from Py *x Pog = Fyo and ux Pyg = Poogxv =
0, and (G.13) follows from the cyclicity properties of Try which imply Try (P, ) =
(£1)"6mn Tre(Poo) = (£1)™8my using Try (Poo) = 1. Moreover, it follows from ([G.4) that
+(U|U) = (¥|(—1)Y|¥’), which indeed induces the hermitian conjugation rules (G.3):

fT for I,

Fhor L (G.13)

L (F]0). W) = Lo (W), gl¥)), ¢ = {

Next, writing the projectors on even and odd states as Py = Y .o° o $(1 £ (=1)")|n)(n| =
3 (e £eN)0)(0] : and using 1 = Py 4 Py =: €V[0)(0] :, yields the useful lemma:

_ _ 1 _
(- =V, 0)(0] =e N, Py = ke L (G4)

To verify Try(P,,) = (£1)", one may compute P,, = |n)(n| = 2(—1)”6_2“’L (4w) by
either direct evaluation of the x-products in ([G.19), or by using : €™+ ;= et x IV =

la
Zu+bv+2 b eautbut5ab followed by Fourier transformation:3
1 dkdk T 2 _
— L gnmvu, . —i(kutkv)—kk |
Py, = |n)(n| = —prvte = / 5 1€ : L (kk)
“/ n \1 dkdk 17
— il &Lav P —i(kut+kv)—Lkk - 9 p _ng 9
p:0<n—p>p!( ) / 2w ’ Z n—op »(2w)
= 2(—1)"e "L, (4w) . (G.15)

Anti-Fock space and (anti-)automorphisms. The anti-Fock space is defined by

= §C®In>‘, )™ = =107, wl0)” = 0. (G.16)

Its two inequivalent inner products are defined by

Lmn)” = (F)"0mn = Tra(Py ), (G.17)

*The Laguerre polynomials Ly, (z) = Le® 4= d° (e=Tgm) =" (nfp) (;—1!)17#’ obey > (—2)"Ln(2z) =

dx™ p=0
ellizz = ZEO:O Z::O (n:lp) (—2)pr(1’)Z
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with Py, = |n) =~ (m| = 2= ux Pygxo™ and By = 262, Tt follows that Py, % Py =
(=1)"0np Py, , and that

P, =2(=1)"*" L,(—4w) . (G.18)

For uniformity we define 7+ = 7, |n)* = |n), *(n| = (n| and P,,,, = Py m, so that w|n)* =
+(n+ %)|n>jE and T (njw = +(n + %)i<n| The oscillator algebra has the automorphism 7
and anti-automorphism 7 given by

ﬂ-(f(u7v)) = f(’L'U,’L'U), T(f(’LL,’U)) = f(iu,z'v), (G19)

which exchange the P* projectors, viz. w(P7,,) = 7(Pf,) = ¢"™"PF,, and with
compositions

= = Ad N = 3 ! P ! P G.20

where Adx(Y) = X «Y » X~!, and
R=mor, R(f(u,v)) = f(—v,—u), RoR = 1d. (G.21)
The action of the discrete maps can be extended to the Fock spaces, such that
T FreFt S FTeFT, s FP-FT,  R:FEoFF (G22)
upon defining

m(|0)") =[0)F,  =(*(0)) = F(0, (G.23)
T(|0)%) = F(0[,  7(*(0) = |0)F, (G.24)

and Adx(]¥)) = X|¥) and Adx((¥]) = (V|X !, such that (G:20) remains valid. It
follows that

R(|0)*) = *(0],  R(¥(0)) = |0)*, (G.25)

that is, R(-) < (-)* in the real basis {|n)*,*(n|} and where 1 is defined in (G.g). In
section the discrete maps acting on pseudo-real su(2)-doublets are defined analogously
with conventiones preserving SU(2) quantum numbers.

Generalized projectors and their composition. To illustrate the distinction between
operators in Fock spaces and more general classes of phase-space functions, we consider
analytic functions MY (w) obeying

(w—r)*MS =0, KkeC, (G.26)

where C' indicize a basis of linearly independent solutions. One may consider

MC ZNS% d_ag(n)(a) _ Ng%w _ NC}[ M, (G.27)
C !

2mi r 2mi(l— <) ® 2mi(1 + \)
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where C, T'(C) and I'(C) are contours in the a, s and X planes; g*)(a) = ) with
Weyl-ordered and normal-ordered forms
%—n %—I—n
s s et
da(s)) = (1+= 1—= e’ s = 2tanh — | (G.28)
2 2 2
g (@(N) = (1+ N2 M s A= T —1;  (G.29)
T2

and N'¢ € C are normalizations such that M (0) = 1. In view of ([T.6), eq. (G.26) holds if

[9") (a(s))]lac = 0. In particular, if C' = Cyy is a small closed contour encircling im clock-
40

wise, then its image 'l _g) = s(Ciy) is a large contour encircling [—2, 2] counterclockwise.
Enlarging Cj to the "box” {ie+z : —L < < L}U{L+iz : e < x < 2n—e}U{i(2mr—¢)—x :
—L<x < LYU{-L+i(27 —z): e < x < 27 — ¢}, its image ['|_5 9) shrinks to a ”doghone”
containing [—2,2]. For k = £(n+1/2), there is no branch cut, fF[,z,g] — §,,, and one finds

Ciﬂ— C’L"rr
M = 2(F1)" e L, (+4w) = P,;'fn for Ni(n+l

_ n+1
O L= @) (G30)

Their x-products can be computed using the composition rule

9" (@) x g™ () = g (a+ ') = ¢ (a(s") = g™ (a(\)), (G.31)
with s’ = ﬁ:r—j:’ and A = A+N+AN. This rule, which is equivalent to e*xe* " = N +lss/ s
T T
and : e 1 x ;N = A" . holds by analytical continuation for all s and s’ such that

ss’ # —4. A change of variables and analytical contour deformation then yield

. : ds :
C’L‘rr *2 Cm'r Cz
(M:I:(n'i'%)) = Ni(n+§) j{m 27”.(17_ %)] M:I:(n+%)
— Cin Cir — (_1\" Cir
:tN:I:(n+%)M:I:(n+%) o ( 1) M:I:(n+%) ’ (G32)

in agreement with (Py,)** = (—1)"P7,. For k ¢ (Z + 1), the branch cut along [—2,2]

prevents I'[_y o from collapsing, and ( Cin)*2 is computed with s and s’ lying on large

['[_5 gj-contours; the change of variables now yields?!

M} = [N,f fi ﬁ] MS™ = Ofor k¢ (Z+1). (G.33)
[(—2,2]

4

Fermionic oscillators. In the case of fermionic oscillators, there is less distinction
between Fock-space and phase-space formulations. The complexified Clifford algebra

40Qther interesting choices of closed contours are C' = i[—m, 7] and C' = R leading to integrals over U(1)
and GL(1;R), respectively.

41 The functions MOC i™ are related to the dressing functions M appearing in the perturbative weak-field
expansion of the oscillator formulations of higher-spin gauge theories [@, @, EI, @], which are the analytical
solutions to K * M = 0 for K belonging to the “internal” gauge group of the oscillator algebra, which is
U(1), SU(2) and Sp(2), respectively, for 5D spinor, 7D spinor and D-dimensional vector oscillators.

— 69 —



{~, 6}« = 1 has isomorphic Fock and anti-Fock spaces, generated by |0) and |1) = §|0) obey-
ing 4|0) = 0. The inequivalent inner products I are related by +(¥|¥') = - (¥|(—1)F'x¥’)
with F' = § x v, and induce the hermitian conjugation rules

=0, 0t =, At =8, &=, (G.34)

via I (f#[9),[9)) = T, ([0), f1+[¥)) and I_(£+[¥), %)) = I_(|9), f#x[0")). The phase-
space formulation uses the Weyl-ordered product v x § = v + 1/2, with v0 = [, ],/2 =
—d7, and the trace operations

T (f) = 2/(0,0), T (f) = — / 7 f(1,7). (G.35)

where f = f(v,0) is Weyl-ordered and [dydy 7y = 1, and we note the interchanged
role of Try and Tr_ in comparison to bosons. For example, in terms of the projectors
Py =10)(0] =1—38%v = 3(1—25y) and P, = |[1)(1] = §xy = 2(1 + 267) one has
Tri (Py) = Try(P1) =1 and Tr_(Fy) = —Tr_(P;) = 1. One can show that
T (—1)F % f) = Teg(f) - (G36)
To this end, one uses [dydy fxg = [ dvdy fg, and F' = P; which implies that
(-1)F = exp, (inF) =1+ Z @Pl =14+ (™ —1)P, =1 2P, = —27yv, (G.37)

n
n=1

which indeed implies (—1)f % (=1)f" = (=297) % (=297) = 1. Finally, using 3y = 6(3)6(y),

one finds
Tr((-1)f * f) = —/d’vdfy(—?vv)f(%’ﬂ = 2f(0,0) = Tr(f) . (G.38)

G.2 4D Spinor-oscillator realizations

In D = 4 the algebra A is isomorphic to the space of Weyl-ordered even arbitrary polyno-

mials B3, B]]
1

f(ya Zj) = Z fa(n)7d(m)Ta(n),d(m) ’ Ta(n),d(m) = myal “ YanYor Y 7(G39)

n + m even

in an s((2;C)p @ sl(2; C)g-quartet (yq,ya) obeying
Ya * Y = Ya¥p T i€ap, Ya*Us="Yals+i€s5, Ya*Us="Ys*Ya =YaYs, (G.40)

where juxtaposition denotes Weyl-ordered products and T, () 4(m) has sl(2; C) ©sl(2;C)r

spin (jz,jr) = 3(n,m) and Lorentz spin (s1,s2) = (252, @)

PEPPRERT v s _
Flu,7) * 9(y,7) = / %em Ctin®C fy4&,g+E)g(y+n,9+7) . (G.41)

The *-product reads*?

42The composition rules in more general classes of functions require separate definitions; the case of the
oscillator realization of the compact basis elements defined in (@) shall be discussed in
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The anti-automorphism 7 and automorphism 7 can be taken to be

(f(v,9)) = fly,ig), 7(f(y,9) =f(~y,9),  7(f(y,9) = fly,—9) . (G.42)

The realization of the ¢th levels of the bosonic higher-spin algebra ho(5; C) and its twisted-
adjoint representation 7 (5;C) read

a(n),a(m 1 1
Q@ = Z Qal...andl...me ( )7 ( ) ) e = _57 07 57 17 ey (G43)
n+m=4~0+2
. 1 1
- o(n),é(m) _ - _1.--.0.=
Sy Z S Ta(n)’a(m) , l 1, 2,0, 5 1,..., (G.44)
|[n—m|=4¢
and the minimal algebra is obtained by truncating to integer /.
The hermitian conjugation is defined in various signatures by [B7]
()T = u(()Te=), (G.45)

where:

(i) tosc acts on the oscillators in different signature of the real form of m as follows:

su(2)p ®su(2)g : (yo‘)TOSC — yl“ (gd)Tosc = gg, (G.46)
s(2; C)qiag : (ya)TOSC = g%, (G.47)
sp(LR) L@ sp(ZR) R (Yo =y, (FY)le = g (G.48)

and

(ii) ¢ is an oscillator-algebra isomorphism that acts in different signatures of the real
forms of g and m as follows:

s0(5) D so(4) : L=p, (G.49)
s0(1,4) Dso(4) : L=Tp, (G.50)
s0(1,4) Dso(1,3) : L=, (G.51)
$0(2,3) Dso(1,3): v =1d, (G.52)
50(2,3) D s0(2,2) : L =1d, (G.53)

where in Euclidean signature the SU(2) doublets are pseudo real (i.e. (yq)foc =
—y1 idem 74), and (ya, ) and (y:&, QL) generate equivalent oscillator algebras with
isomorphism

p(f(ylu 7(2)) = f(Yas Ua) - (G54)

The hermitian conjugation obeys ((f)7)T = ¢((¢((f)Tes<))Tesc) = f, which relies on 77 (f) = f
for the real form so(1,4). Thus, the real forms of the generators Mup obey (M55)T =
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L(MEg)Tese) = MB L, and have the oscillator realizations®3
1 o _ &B— — \/X af _
May = —2 [ (0a6)*yays + (Fab) ﬁyayﬁ-] o Pe= (00 hagy - (G58)

The Fock-space and anti-Fock-space submodules in A are exhibited by going from (ya, ¥4 )
to a u(2)-covariant basis (a;,a’), i = 1,2 [fJ, obeying

lai, @) = &/,  lai,a], = [@,dl, =0, (G.59)
after which the so0(5; C) generators can be expressed as

1 . ) o
E= §(alai + 1)’ M,s = %(Jrs)ijalaj 5 (G.GO)

l - _ 1
L:_ = §(O'r)ijdzd], LT = 5

The Fock and anti-Fock spaces

FE=Pcam*, |nT =a" a0y, |n)T = a"-a0), (G.62)
n=0

can be identified as the osp(4|1) supersingleton
F* = D5 ©95,, (G.63)

where DF and @fﬂ consist of the even and odd states, respectively, and |4; (0)) = |0) and

I1;(2))" = @'|0). The lowest-weight states of the composite-massless scalars now read**

102 = 53 (O3 (02 = [01[0)s (G.64)

200 = 11 (5 )15 (5 ) = —wl1s e, (@.65)

43Raising and lowering of two-component indices follow the convention y® = ¢*? yg and yo = y? €3a Where

Eaﬁé.y(g = 26,‘:? idem g4 and €45 The van der Waerden symbols (0%)aa = (6%)aa Obey
(09)a%(@")a” = 1702 + (0)a”, (@) = 1™ + (6", (G-55)
1 c Oab)ap, (4,0) and (2,2) signature,
_Gabcd(g d)aﬁ = ( b) s ( ) . ( ) & (G56)
2 i(0ab)as, (3,1) signature,

and the reality conditions

a ab t _ _ _a
(Eam(ff )m(aaﬁ)) =\ (eas: (8%)as, (@ :)dﬁ) for SL(2,C), (G-57)
( (o )ag) for Sp(2) .

One may verify the conventions using ¢ = 90 and for SU(2), SL(2;C) and SL(2;R), respectively, [¢%, 5]
given by [(i,0?), (=i,0")], [(—ic?, —ic'c?), (—ic?,ic%c")] and [(1,57)),(—1,5")] where 6° = (¢, i0?, o®).

“The conformal algebra so0(4,2) can be realized in F(1) ® F(2) as Map = % D12 V()T apY (€), that
act in a tensorial split, and R, = 1Y (1)I'aY(2), that act in a non-tensorial split, where Yo (§) = Ya(€)
are Majorana spinors obeying Y, () *x Y3(n) = Yo (§)Y3(n) 4 i6¢;,Cap. The conformal generators can be re-
written as Map = iﬂFABu and R4 = —%EFAu where 1©q, = %(Ya(l)—i—Ya@)) and o = %(Ya(l)—Ya@))
are Weyl spinors obeying uq * 43 = uatg + iCag.

- 72 —



where

y=Vat = VIO + LT @) = a(Dai(2) . (G.66)

To make contact with (B.154) and (B.161) we define the reflection by R(fxg) = R(g)*xR(f)

and
R(|0)F) = £(0],  R(@) = id*, R(d') =ia'. (G.67)
It follows that R(|n)) = i"(0|a’ - --a'» and R(|n)~) = i"~(0|a’ ---a*". We also define
7(|0)F) = 10)F,  7(j0)¥) = F(0], R = mor. (G.68)
Using z = 2L L, =: N? : where N = @'a; and : a‘a’ := a'a’, we have Il 5 = ]1@0—#]1@% with

1 . )
lo, = Y In)(n| = > —a'...a"[0)(0]ai, ... a;, = :coshy/2[0)(0] -, (G.69)

n even neven

1 —i _i .
lp,, = Z Iny(n| = Z aal ...a™0Y(0lay, ...a;, = :sinh/2]0)(0]: . (G.70)
n odd n odd

Thus 17 =: eV?|0)(0| : which implies |0)(0] =: e~V :, and hence 1p, = 1(1 +T) and
ly,, = %(1 —T) with T' =: 72V : obeying I' «I" = 1. Applying (R2)~! to 1 £ thus yields
the superreflector

) sin
[Lr)12 = €Y[0)1|0)2 = COSy|1;(0)>12—ZTy|2; (0))12 (G.71)

where we have used ([G.64) and ([G.6§). The two composite trace operations on F* read

Tre(f) = Tro, (f) £ Trp, ,(f), (G.72)

where Tro,(f) = >, ..(nlfln) and Tre, ,(f) = X2, . (nlfln). As shown in ap-
pendix [G.T], the odd composite trace coincides with the supertrace [BJ], that is*®

T (f) = T (DY ) = 1£(0.0) = 7S(f) (G.73)

Thus, the appearance of the spinor singleton in D = 4 as an extra solution to V & 0 leads to
the identification (.43) of the non-composite trace Tr defined in (R.43) with the supertrace.
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